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uak 621.01  

 

mocemulia Teoriuli masala da amocanebis amoxsnis meTodika (tipi-uri 

amocanebis dawvrilebiTi amoxsnis TanxlebiT), romlis aTviseba daex-mareba 

studentebs Teoriuli masalis Rrmad gagebasa da aTvisebaSi.  

gankuTvnilia saqarTvelis teqnikuri universitetis bakalavriatis da 

umaRlesi teqnikuri ganaTlebis studentbisaTvis. cxadia, SeuZliaT 

gamoiyeneben saqarTvelos sxva umaRlesi saswavleblis studentebmac, rom-

lebic euflebian teqnikur specialobebs. 

 

 

 

 

 

 

 

 

 

 

 

yvela ufleba daculia. am wignis arc erTi nawili (iqneba es teq-sti, 

foto, ilustracia Tu sxva) aranairi formiT da saSualebiT (iqneba es 

eleqtronuli Tu meqanikuri) ar SeiZleba gamoyenebul iqnas avtorebis 

werilobiTi nebarTvis gareSe.   

saavtoro uflebebis darRveva isjeba kanoniT. 
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kinematika 

VII Tavi 

sivrce da dro. aTvlis sistemebi. 

kinematikis amocanebi 

kinematika Seiswavlis sxeulis moZraobis geometriul Tvisebebs masisa 

da moqmedi Zalebis gareSe. rogorc meqanikis damoukidebeli nawili, igi ga-

moyo amperma 1834 wels. 

7.1. sivrce da dro. aTvlis sistema 

sivrce. klasikur meqanikaSi sivrce, romelSic sxeuli moZraobs, gani-

xileba rogorc usasrulo, erTgvarovani, izotropuli da moZravi sxeuli-

sagan damoukidebeli. aseTi Tvisebebis mqone sivrceSi sxeulis gadaadgilebas 

ver SevniSnavT. imisaTvis, rom sxeulis mdebareobis Secvla (anu moZraoba) 

aRmovaCinoT, unda arsebobdes meore sxeuli, romlis mimarTac mocemuli sxe-

uli an icvlis mdebareobas an ara.  

sxeuls, romlis mimarTac ganixileba mocemuli sxeulis moZraoba, aT-

vlis an safardi sxeuli ewodeba.  

aTvlis sxeulTan mkvidrad vakavSirebT koordinatTa RerZebs, rac sa-

Sualebas gvaZlevs movaxdinoT sivrcis ariTmetizacia ricxvebis meSveobiT da 

moZraobis Sesaswavlad gamoviyenoT maTematika.  

saerTaSoriso erTeulTa sistemaSi sigrZis ZiriTadi erTeulia 1 m da 

misi ganzomileba aRiniSneba L  simboloTi. aqedan gamomdinareobs, rom sivr-

cis erTeulia 1 m 3 , xolo ganzomileba - 3L .  

dro. klasikur meqanikaSi miRebulia, rom dro ar aris damokidebuli 

sxeulis moZraobaze da yvela koordinatTa sistemaSi erTnairad mimdinare-

obs. 

drois erTeulad miRebulia 1 wm, ganzomileba aRiniSneba T  simboloTi. 

dro aiTvleba im momentidan, romlidanac viwyebT moZraobis Seswavlas. 

manamde dro iTvleba uaryofTad. yoveli mocemuli t  drois momenti ga-

nisazRvreba wamebis ricxviT, romelic gavlilia aTvlis sawyisi momentidan 

mocemul momentamde. or nebismier momdevno drois moments Soris sxvaobas 

drois Sualedi ewodeba. 

kinematikis amocanebSi t  dro miRebulia damoukidebel sidided (argu-

mentad). yvela danarCeni sidide (manZili, siCqare da a.S.) ganixileba, rogorc 

drois funqcia.  
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7.2. inerciuli da arainerciuli aTvlis sistemebi.  

sxeulis moZraobis xasiaTi (saxe) damokidebulia aTvlis sxeulis ar-

Cevaze: erTi da igive moZraoba sxvadasxva damkvirvebels, romlebic uZravad 

imyofebian erTmaneTis mimarT moZrav aTvlis sxeulebze, sazogadod, sxva-

dasxvagvarad moeCvenebaT. magaliTad, Tu erTi damkvirveblisTvis moZraoba 

wrfivia, meoresTvis SeiZleba mrudwiruli iyos. bunebrivia SevecadoT avir-

CioT iseTi aTvlis sistema, romlis mimarT moZraobis kanonebs umartivesi 

saxe eqneba. irkveva, rom aseTia absoluturad uZravi koordinatTa sistema, 

romlis mimarTac marTebulia inerciis kanoni (igive niutonis pirveli kanoni). 

aseT sistemas inerciuli ewodeba. aTvlis sistemas, romlis mimarTac adgili 

ara aqvs inerciis kanons, arainerciuli ewodeba. 

 irkveva, rom absoluturad uZravi aTvlis sistema (e.i. inerciuli sis-

tema) bunebaSi ar arsebobs. Tumca, arsebobs iseTi aTvlis sistemebi, romle-

bic didi sizustiT SegviZlia CavTvaloT inerciul sistemad. aseTi sistemis 

magaliTebia: dedamiwasTan uZravad dakavSirebuli aTvlis sistema, mzis cen-

trsa da e.w. sam uZrav varskvlavze gamavali aTvlis sistema da a.S. 

mtkicdeba, rom yoveli aTvlis sistema, romelic inerciiT moZraobs 

inerciuli sistemis mimarT, aseve warmoadgens inerciul sistemas. 

 

 

7.3. kinematikis amocanebi 

kinematikis pirvel amocanas warmoadgens sxeulis (wertilis) mdebare- 

obis mocemis xerxebis (wesebis) dadgena.  

kinematikis meore amocanaa sxeulis (wertilis) mocemuli moZraobis  

kanonis mixedviT davadginoT am moZraobis kinematikuri maxasiaTeblebis (tra-

eqtoria, wertilis siCqare da aCqareba, sxeulis kuTxuri siCqare da aC-qareba 

da sxv.) gansazRvris meTodebi.  

kinematika pirobiTad iyofa or nawilad: wertilisa da sxeulis kine-

matika.  

wertilis kinematika meqanikis am nawilis yvelaze martivi nawilia. 

wertilis meqanikuri moZraoba, gansazRvris Tanaxmad, droSi misi mdebareobis 

Secvlaa aTvlis sistemis mimarT. aqedan, cxadia, rom wertilis moZraobis sa-

codnelad sakmarisia vicodeT misi mdebareoba mocemul momentSi da miTiTeba 

imaze, Tu rogor icvleba es mdebareoba drois mixedviT. 

daviwyoT wertilis moZraobis SeswavliT.  

mizanSewonilad migvaCnia erTxel kidev SevexoT moZraobisa da uZra-

obis cnebebs. Tu wertili (sxeuli) mdebareobas ar icvlis aRebuli koor-

dinatTa sistemis mimarT, maSin vambobT, rom wertili uZravia. radganac wer-

tilis moZraoba da uZraoba ganixileba mxolod arCeul koordinatTa siste-

mis mimarT, romelic Tavis mxriv SeiZleba nebismierad gadaadgildebodes, 
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amitom cnebebi 2moZraoba3 da 2uZraoba3 fardobiTi cnebebia. SemdgomSi, Tu 

specialurad ar iqneba aRniSnuli, 2uZravi koordinatTa sistema3 gamonaT-

qvamis qveS vigulisxmebT uZrav RerZTa sistemas, romlis mimarTac ganixileba 

moZraoba. 

VIII Tavi 

wertilis kinematika 

8.1. wertilis moZraobis mocemis xerxebi 

viwyebT wertilis kinematikis Seswavlas. Tu mocemulia xerxi (wesi), 

romelic saSualebas gvaZlevs drois nebismieri momentSi mocemuli koor-

dinatTa sistemis mimarT ganvsazRvroT wertilis mdebareoba (anu gavigoT 

wertilis moZraoba), maSin vambobT, rom  wertili mocemulia kinematikurad. 

wertilis mdebareobis (moZraobis) mosacemad ZiriTadad gamoiyeneba 

Semdegi sami xerxi: koordinatuli (gegmilebis), bunebrivi (traeqtoruli)  da 

veqtoruli. gavecnoT samive xerxs. 

 

1. moZraobis mocemis koordinatuli (gegmilebis) xerxi. 

vTqvaT, raime M  wertilis moZraobas SeviswavliT dekartis marTkuTxa 

Oxyz kooordinatTa sistemis mimarT (nax. 8.1). cxadia,  moZraobisas misi , ,x y z  

koordinatebi icvleba, e.i. es sidideebi drois funqciebia.  

davuSvaT, rom 

                       1 2 3, , .x f t y f t z f t                        (8.1.1)                        

Tu viciT 1 2 3, ,f f f  funqciebi, maSin drois nebismier momentSi SegviZlia 

gavigoT wertilis mdebareoba sivrceSi, amitom (8.1.1) tolobebs wertilis 

moZraobis gantolebebi dekartis koordinatebSi, aseve, wertilis moZraobis 

kanoni ewodeba. Cvens mier ganxiluli moZraobebisaTvis 1 2 3, ,f f f  calsaxa, 

sasruli da uwyveti funqciebia Tavisi meore rigis warmoebulebiT mainc. 

 maTematikis TvalsazrisiT (8.1.1) gantolebebi im mrudis parametruli 

gantolebebia, romelsac wertili aRwers sivrceSi da, romelsac wertilis 

traeqtoria ewodeba. am gantolebebSi parametris rols asrulebs t  dro. 

imisaTvis, rom miviRoT traeqtoriis gantolebebi koordinatuli formiT, 

saWiroa (8.1.1) gantolebebidan gamovricxoT t  parameteri. 

xSirad wertili aRwers ara mTel mruds, aramed mis nawils, amitom sa-

Wiroa davadginoT koordinatebis cvlilebis sazRvrebi mocemul drois Su-

aledSi.  

rodesac wertili moZraobs raime sibrtyeSi, magaliTad, Oxy  sibrtyeSi, 

maSin (8.1.1) gantolebebidan gveqneba mxolod ori: 

                        1 2, .x f t y f t 
                            (8.1.2)                            
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rodesac wertili moZraobs raime wrfeze, magaliTad, Ox wrfeze, maSin 

(8.1.1) gantolebebidan gveqneba mxolod erTi:  

                         x f t .                                      (8.1.3)  

aRsaniSnavia, rom wertilis moZraoba SegviZlia aRvweroT sxva koor-

dinatebiTac (cilindruli koordinatebiT, sferuli koordinatebiT da sxv.).  

 

2. moZraobis mocemis bunebrivi (traeqtoruli) xerxi.  

 

vTqvaT, AB  mrudi aris wertilis traeqtoria (nax. 8.2), romlis ganto-

lebebi zogadi saxiT moicema Semdegi saxiT: 

                    1 2, , 0, , , 0x y z x y z    .                          (8.1.4)   

(8.1.4)-is TiToeuli gantoleba sivrceSi gansazRvravs zedapirs, romelTa 

TankveTa aris wertilis traeqtoria. roca zedapirebi sibrtyeebia, maSin 

traeqtoria wrfea, xolo, roca am ori zedapiridan erT-erTi sibrtyea, maSin 

traeqtoria brtyeli wiria. traeqtoriaze aTvlis wertilad avirCioT raime 

oM  wertili da davadginoT mis gaswvriv moZraobis dadebiTi mimarTuleba. 

manZili 
oM  aTvlis wertilidan moZrav M  wertilamde aRvniSnoT s  asoTi, 

maSin s = oM M  mrudwiruli koordinati calsaxad gansazRvravs M  wertilis 

mdebareobas traeqtorize. 

traeqtoriis gaswvriv wertilma SeiZleba imoZravos sxvadasxva kanoniT. 

vTqvaT,                

                         s f t .                                     (8.1.5) 

(8.1.5) da (8.1.4) gantolebebiT (es ukanasknelni ar unda Seicavdnen t  pa-

rametrs) wertilis mdebareobis mocemas wertilis mdebareobis mocemis 

bunebrivi (traeqtoruli) xerxi ewodeba. 

Catarebuli msjelobidan gamomdinareobs: imisaTvis, romEvicodeT wer-

tilis moZraoba bunebrivi xerxiT, saWiroa vicodeT: 1. traeqtoria; 2. tra-

eqtoriaze aTvlis wertili da dadebiTi mimarTuleba; 3. traeqtoriis gasw-

vriv  s f t  wertilis moZraobis kanoni.  

xazgasmiT aRvniSnavT, rom (8.1.6) gantolebaSi s  sidide gansazRvravs 

moZravi wertilis mdebareobas, e.i. warmoadgens mis mrudwirul koordinats, 

da ara mis mier gavlil manZils. magaliTad, Tu moZravi wertili 
oM  mde-

bareobidan mivida 
1M  wertilSi da dabrunda ukan M  wertilSi (nax.8.2), ma-

Sin s =OM  gamoxatavs mrudwirul koordinats, xolo mis mier gavlili man-

Zili iqneba 
1oM M M M , rac s =OM -is toli ar aris. 
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3. moZraobis mocemis veqtoruli xerxi 

Oxyz koordinatTa sistemis saTavis mimarT M  wertilis OM  radius-

veqtori aRvniSnoT r -iT (nax. 8.1). M  wertilis moZraobisas r  veqtori ic-

vleba drois mixedviT, amitom igi warmoadgens cvlad veqtors, damokidebuls 

t  argumentze. vTqvaT: 

                        r r t .                                       (8.1.6) 

rodesac viciT  r t  funqcia,  maSin drois nebismieri momentisaTvis ava-

gebT r  veqtors da misi bolo wertili iqneba Cveni M  wertili. aqedan gamom-

dinareobs, rom (8.1.6) toloba gansazRvravs M  wertilis moZraobis kanons. 

(8.1.6) tolobas ewodeba wertilis moZraobis veqtoruli gantoleba an 

wertilis moZraobis kanoni veqtoruli formiT. 

r  veqtoris bolo wertilebis geometriuli adgili, romelsac am veq-

toris hodografi ewodeba, warmoadgens M  wertilis traeqtorias. amgvarad, 

wertilis traeqtoria aris uwyveti wiri, romelsac igi aRwers mocemul 

koordinatTa sistemis mimarT. Tu traeqtoria wrfea, maSin moZraobas ewodeba 

wrfivi, xolo Tu mrudia – mrudwiruli. 

Tu M  wertilis koordinatebs (an rac igivea - r  veqtoris gegmilebs) 

aRvniSnavT , ,x y z -iT, maSin 

                       r i x j y k z   ,                                (8.1.7) 

sadac , ,i j k koordinatTa RerZebis erTeulovani veqtorebia (ortebi). 

 

 

 

 

 

 

 

          nax. 8.1                              nax. 8.2 

 

  zogjer wertilis moZraoba mocemulia koordinatuli saxiT (formiT) 

da gvinda gavigoT rigorc traeqtoriis gantoleba, aseve traeqtoriaze 

wertilis moZraobis gantoleba. amisaTvis unda gavadiferencialoT wertilis 

(8.1.1) moZraobis gantolebebi, Cawerili marTkuTxa koordinatebSi, e.i. unda 

gavigoT dx , dy , dz  da SevitanoT maTematikidan cnobil rkalis elementis sig-

rZis ganmsazRvrel  

                         
2 2 2

ds dx dy dz                               (8.1.8) 

formulaSi da movaxdinoT am gantolebis integrireba. 
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8.2. wertilis veqtoruli siCqare 

 

daviwyoT kinematikis meore amocanis Seswavla. ganvsazRvroT erT-erTi 

ZiriTadi kinematikuri maxasiaTebeli – wertilis veqtoruli siCqare. 

 vTqvaT, drois t  da 1t  momentebSi moZravi wertili imyofeba Sesabami-

sad M  da 
1M  mdebareobebSi, romelTa radius-veqtorebia r  da  1r  (nax.8.3). 

ganvixiloT r = 1MM = 1r r  veqtori, romelsac 
1t t t    drois SualedSi M  

wertilis veqtoruli gadaadgileba ewodeba. 

gansazRvra. veqtoruli gadaadgilebis fardobas Sesabamis drois Su-

aledTan wertilis saSualo veqtoruli siCqare ewodeba t  drois SualedSi. 

Tu mas aRvniSnavT vsaS -Ti, gveqneba:  

                     1MM r
v

t t


 

 
saS .                                  (8.2.1) 

      cxadia, vsaS -s aqvs r  gadaadgilebis mimarTuleba (vinaidan t >0). 

mrudwiruli moZraobis dros is mimarTulia 1MM  qordis gaswvriv wertilis 

moZraobis mimarTulebis Tanxvedrilad, xolo wrfivi moZraobis dros – 

traeqtoriis gaswvriv. rasakvirveliaia, rac ufro mcirea t  drois Sualedi, 

vsaS  miT ufro zustad axasiaTebs wertilis moZraobas.  

 

 

 

  

 

 

 

          nax. 8.3                               nax. 8.4        

              

gansazRvra. drois mocemul  momentSi  wertilis siCqare (myisi veq- 

toruli siCqare) ewodeba vsaS  veqtoris zRvars, roca 0t  . Tu am siCqares 

aRvniSnavT v -Ti, gveqneba:  

                    
0 0

lim lim .
t t

r dr
v v

t dt   


  


saS  

amgvarad,  

                               .
dr

v
dt

                                     (8.2.2) 

miviReT: wertilis veqtoruli siCqare drois mocemul momentSi tolia 

wertilis radius-veqtoris pirveli rigis warmoebulisa droiT. 
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advili misaxvedria, rom 1MM  mkveTis zRvars, roca 0t   (rac igivea 

1M  M ), warmoadgens traeqtoriis mxebs M  wertilSi. aqedan gamomdinare-

obs, rom wertilis siCqaris veqtori traeqtoriis mxebze mdebareobs da mi-

marTulia moZraobis Tanxvedrilad. 

wrfivi moZraobis dros siCqaris v  veqtori yovelTvis mimarTulia am 

wrfis gaswvriv. mrudwiruli moZraobis dros v  veqtori mdebareobs traeq-

toriis mxebze. 

davuSvaT, rom mocemuli gvaqvs wertilis moZraobis gantolebebi de-

kartis koordinatebSi:  

                        1 2 3, ,x f t y f t z f t                       (8.1.1) 

avRniSnoT v  siCqaris gegmilebi , ,x y zv v v -iT da (8.2.2) formula (8.1.7) to-

lobis gaTvaliswinebiT, gvaZlevs: 

              x y z

d
v i v j v k x i y j z k

dt
           . 

      , ,i j k ortebi mudmivi veqtorebia, amitom gveqneba:  

                  
x y z

dx dy dz
v i v j v k i j k

dt dt dt
             => 

                        , ,x y z

dx dy dz
v v v

dt dt dt
   .                             (8.2.3) 

miviReT: koordinatTa RerZebze wertilis siCqaris gegmili tolia Se-

sabamisi koordinatis pirveli rigis warmoebulis droiT. aRvniSnoT v  veqto-

ris fuZis mier koordinatTa RerZebTan Sedgenili kuTxeebi , ,   -Ti da gveq-

neba:  

                   2 2 2

x y zv v v v   ,          

              cos , cos , cos
yx z

vv v

v v v
     .                         (8.2.4) 

Tu moZraoba mimdinareobs Oxy  sibrtyeSi, maSin 

                           2 2

x yv v v  ,          

              cos , cos
yx

vv

v v
     an  y

x

v
tg

v
  .                      (8.2.5) 

Tu moZraoba mimdinareobs Ox  RerZis gaswvriv, maSin 

                     
x

dx
v v

dt
  .                                      (8.2.6) 

saerTaSoriso erTeulTa sistemaSi siCqaris ZiriTadi erTeulia 1 m/wm, 

ganzomileba - 1.L T LT   xSirad gamoiyeneba siCqaris erTeulebi 1 sm/wm,       

1 m/wT, 1 km/sT. 

 

8.3. wertilis veqtoruli aCqareba 
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    vagrZelebT kinematikis meore amocanis Seswavlas. wertilis 

moZraobis ZiriTad kinemitikur maxasiaTebels warmoadgens wertilis 

aCqarebac, rome-lic axasiaTebs wertilis siCqaris modulisa da mimarTulebis 

cvlilebas drois mixedviT.  

vTqvaT, drois t  momentSi wertili imyofeba M  mdebareobaSi da aqvs v  

siCqare, xolo 1t  momentSi gadavida 1M  mdebareobaSi 
1v  siCqariT (nax. 8.4). 

drois t  SualedSi wertilis siCqare Rebulobs 1v v v    nazrds. M  wer-

tilSi movdoT 1v -is toli 
1v  veqtori da davSaloT is or Semdgenad, rom-

elTagan erT-erTi iqneba v  veqtori. meore Semdgeni aRvniSnoT v -Ti. advili 

misaxvedria, rom v  veqtori yovelTvis mimarTulia traeqtoriis Cazneqi-

lobisaken. 

v -s fardobas Sesabamis t -sTan, vuwodoT wertilis saSualo veqto-

ruli aCqareba da Tu mas aRvniSnavT wsaS -Ti, gveqneba:  

                        
v

w
t





saS .                                     (8.3.1) 

rasakvirvelia, wsaS -s aqvs v -s mimarTuleba. 

gansazRvra. drois mocemul momentSi wertilis aCqareba  (myisi veqto-

ruli aCqareba) ewodeba saSualo veqtoruli aCqarebis zRvars,  roca 0t  . 

aRvniSnoT es aCqareba w -Ti da gveqneba:  

                       
0

lim
t

v dv
w

t dt 


 


.                                (8.3.2) 

(8.2.2) tolobis gaTvaliswineba gvaZlevs:  

                                
2

2

dv d r
w

dt dt
  .                                    (8.3.3) 

miviReT: drois mocemul momentSi wertilis veqtoruli aCqareba tolia 

veqtoruli siCqaris pirveli rigis warmoebulis an radius-veqtoris meore 

rigis warmoebulisa droiT. 

saerTaSoriso erTeulTa sistemaSi aCqarebis ZiriTadi erTeulia 1 m/wm
2

, 

ganzomileba - 2 2.L T LT    

wrfivi moZraobis dros aCqarebis w  veqtori mimarTulia im wrfis 

gaswvriv, romelzec moZraobs wertili. Tu traeqtoria brtyeli mrudia, maSin 

w  veqtori mdebareobs am mrudis sibrtyeSi da mimarTulia misi Caz-

neqilobisken. roca traeqtoria sivrciTi mrudia, maSin v  da 
1v  veqtorebis 

fuZeebi SeiZleba warmoadgendnen acdenil wrfeebs da maTze sibrtye ver ga-

vataroT. M  wertilSi movdoT 1v -is toli 
1v  veqtori da v  da 

1v  veqtorebis 

fuZeebze gavataroT sibrtye. roca 0t  , maSin es sibrtye icvlis mde-

bareobas, Tumca yovelTvis gadis v  veqtorze. roca 
1M  wertili miva M  

wertilSi, e.i. t  gaxdeba nulis toli, maSin zemoxsenebuli sibrtye daikavebs 
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raRac zRvrul mdebareobas, romelsac traeqtoriis mimxeb sibrtyes uwodeben. 

miviReT, rom wertilis veqtoruli aCqarebis veqtori, zogad SemTxvevaSi, 

mdebareobs traeqtoriis mimxeb sibrtyeSi da mimarTulia mrudis Cazneqi-

lobisken.  

avRniSnoT w  aCqarebis gegmilebi , ,x y zw w w -iT. maSin  da (8.3.3) formula 

aseTi saxiT Caiwereba: 

 
2 2 2

2 2 2

yx z
x y z

dydv dv d x d y d z
w i w j w k i j k i j

dt dt dt dt dt dt
                  => 

          
2 2 2

2 2 2
, ,

yx z
x y z

dvdv dvd x d y d z
w w w

dt dt dt dt dt dt
      .                (8.3.4) 

miviReT:  wertilis aCqarebis gegmilebi koordinatTa RerZebze tolia 

siCqaris Sesabamisi gegmilis warmoebulis an Sesabamisi koordinatis meore 

rigis warmoebulisa droiT. w  veqtoris fuZis mier koordinatTa RerZebTan 

Sedgenili kuTxeebi aRvniSniT 
1 1 1, ,   -iT da gveqneba:  

                   2 2 2

x y zw w w w   ,          

              1 1 1cos , cos , cos
yx z

ww w

w w w
     .                       (8.3.5) 

Tu moZraoba mimdinareobs Oxy  sibrtyeSi, maSin 

                   2 2

x yw w w  ,          

              1 1cos , cos
yx

ww

w w
     an  1

y

x

w
tg

w
  .                   (8.3.6) 

Tu moZraoba mimdinareobs Ox  RerZis gaswvriv, maSin 

                    
2

2

x
x

dw d x
w w

dt dt
   .                                (8.4.8) 

 

8.4. bunebrivi RerZebi. wertilis skalaruli siCqare da aCqareba   

 

davuSvaT, rom wertilis moZraoba mocemulia bunebrivi saxiT: viciT 

wertilis traeqtoria da mis gaswvriv wertilis moZraobis gantoleba:                            

                      s f t .                                         (8.4.1) 

siCqarisa da aCqarebis  gasagebad ar gamogvadgeba (8.2.3),  (8.2.4),  (8.3.4) da 

(8.3.5) formulebi, vinaidan ar viciT wertilis dekartis koordinatebi, rog-

orc drois funqciebi.  

am SeTxvevaSi ganvixilavT M nb  koordinatTa sistemas, romlis RerZebi 

Semdegnairadaa mimarTuli (nax. 8.5): wertilTan erTad moZravi M  saTavidan 

mxebis gaswvriv vatarebT M  mxebs s  koordinatis aTvlis dadebiTi mimar-

Tulebis Tanxvedrilad, Mn  RerZs – traeqtoriis Cazneqilobis mxares im 
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normalis gaswvriv, romelic mimxeb sibrtyeSi mdebareobs, xolo Mb  RerZs - 

am RerZebis marTobulad da isea mimarTuli, rom maTTan erTad adgens mar-

jvena koordinatTa sistemas. mimxeb sibrtyeSi mdebare Mn  normals mTavari 

normali, Mb  normals – binormali, xolo samive RerZs erTad – bunebrivi 

RerZebi ewodeba. 

siCqaris gansazRvris Tanaxmad, misi v  veqtori mdebareobs traeqtoriis 

mxebze, amitom M nb  koordinatTa sistemaSi siCqares aqvs mxolod erTi v  

Semdgeni (nax. 8.5). im SemTxvevaSi, roca moZraoba s -is dadebiTi mimarTulebis 

(e.i. M  RerZis) Tanmxvdenia, maSin v v  , xolo winaaRmdeg SemTxvevaSi, 

v v   . SevTanxmdeT da SedgomSi v  da v  aRvniSnoT erTi v  simboloTi. roca 

aucilebelia xazgasma imisa, rom saqme gvaqvs siCqaris modulTan, am ukanask-

nelis aRsaniSnavad gamoviyenoT v  simbolo. 

gansazRvra. wertilis veqtoruli siCqaris gegmils mxebze vuwodoT 

wertilis skalaruli siCqare. 

wertilis veqtoruli da skalaruli siCqareebis gansazRvrebebidan 

gamomdinareobs, rom  

                        v v   ,                                       (8.4.2) 

sadac   mxebis ortia.    

davuSvaT, rom t  drois SualedSi M  wertili traeqtoriis gaswvriv 

s -iT (romelic 1MM  rkalis sigrZis tolia) gadaadgilda (nax. 8.2). s -is 

fardobas t  -sTan, vuwodoT saSualo skalaruli siCqare da Tu mas aRvniS-

navT vsaS -Ti, miviRebT: 

                         v s t  saS .                                 (8.4.3) 

gansazRvra. saSualo skalaruli siCqaris zRvars, romliskenac is mi-

iswrafvis, roca 0t  , wertilis skalaruli siCqare ewodeba. aRvniSnoT 

skalaruli siCqare v  asoTi da gveqneba: 

                         
0

lim
t

s ds
v

t dt


 


.                               (8.4.4) 

miviReT: drois mocemul momentSi wertilis skalaruli siCqare tolia 

s  mrudwiruli koordinatis warmoebulisa droiT. 

(8.4.4) tolobaSi siCqaris niSans gansazRvravs ds . vinaidan yovelTvis  

0dt  , Tu v -s aqvs dadebiTi niSani, es niSnavs, rom wertili moZraobs s -is 

dadebiTi aTvlis mimarTulebiT, xolo roca v  uaryofiTia, maSin – sawina-

aRmdego mimarTulebiT. 

gadavideT skalaruli aCqarebis sididis gansazRvraze. vTqvaT, t  drois 

SualedSi wertilis skalarulma siCqarem miiRo v  nazrdi. v -s fardobas 

t -sTan, vuwodoT saSualo skalaruli aCqareba da Tu mas aRviS-navT 
sw -Ti, 

maSin  



132 
 

                          w v t saS .                                 (8.4.5) 

gansazRvra. saSualo skalaruli aCqarebis zRvars, romliskenac is 

miiswrafvis, roca 0t  , wertilis skalaruli aCqareba ewodeba. aRvniSnoT 

skalaruli aCqareba w -Ti da gveqneba: 

                         
0

lim
t

v dv
w

t dt


 


.                               (8.4.6) 

Tu gavixsenebT, rom v ds dt , maSin 

                         
2

2

dv d s
w

dt dt
  .                                 (8.4.7) 

miviReT: drois mocemul momentSi wertilis skalaruli aCqareba tolia 

skalaruli siCqaris pirveli rigis an s  mrudwiruli koordinatis meore 

rigis warmoebulisa droiT. 

 

8.5. mudmivsigrZiani veqtoris warmoebuli. wiris simrudis 

radiusi. mxebis ortis warmoebuli 

 

lema. mudmivsigrZiani veqtoris warmoebuli aris am veqtoris marTobi.  

damtkiceba. davuSvaT,  rom raime P  veqtoris moduli mudmivia. ori  

veqtoris skalaruli namravlis gansazRvris Tanaxmad, cos0P P P P    =
2

P =   

=const  =>    2
0

d d
P P P

dt dt
   => 2 0

dP
P

dt
    => 

dP
P

dt
 . lema damtkicebulia. 

 

 

 

  

 

 

 

 

           nax. 8.5                                       nax. 8.6 

 

ganvixiloT raime wiri da mis or M  da 1M  wertilSi mxebis ortebi 

Sesabamisad aRvniSnoT   da 
1 -iT (nax. 8.6). gadavitanoT 

1  veqtori M  wer-

tilSi da kuTxe   da 
1  veqtorebs Soris aRvniSnoT  -iT, xolo 1MM  

rkalis sigrZe ki - s -iT. s   fardoba axasiaTebs wiris formas. mas wiris 

saSualo simrude ewodeba, xolo mis zRvars, roca 
1M  wertili miiswrafvis 

M wertilisaken (an rac igivea: 0t  ), ewodeba wiris simrude M  wertilSi. 

Tu simrudes aRvniSnavT k  asoTi, maSin gveqneba:  
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0

lim
t

d
k

t dt

 

 


 


.                                (8.5.1) 

simrudis Sebrunebul sidides simrudis radiusi ewodeba. Tu mas 

aRvniSnavT   asoTi, gveqneba: 

                      
1 ds

k d



  .                                     (8.5.2) 

aRsaniSnavia, rom wrfisaTvis    , xolo wrewirisTvis R  , sadac R  

wrewiris radiusia.  

gamovTvaloT mxebis ortis warmoebuli droiT. warmovadgnoT igi Sem-

degi saxiT: 

                       
d d d ds

dt d ds dt

  


 .                                 (8.5.3) 

am gamosaxulebaSi 
ds

v
dt

 , xolo 
1d

dt




 . dagvrCa 

d

d




 warmoebulis gan-

sazRvra.   mudmivsigrZiani veqtoria, amitom lemis Tanaxmad 
d

d





 , e.i.   

||
d

n
d




. gansazRvris Tanaxmad,  

d

d




=

0 0
lim lim
 

 

    

 


 
=

0
lim









. MAB  samkuTxedi 

tolferdaa, amitom 2 sin 2sin
2 2

 
 

 
   . SevitanoT es mniSvneloba wina 

tolobaSi da miviRebT: 

                 
0 0

2sin sin
2 2lim lim 1

2

d

d  

 


    

 

  


          

(vinaidan 
0

sin
lim 1
x

x

x
 ). 

Tu gaviTvaliswinebT, rom ||
d

n
d




, sadac n  mTavari normalis ortia, 

sabolood miviRebT:  

                       
d v

n
dt




 .                                    (8.5.4)      

 

8.6. veqtoruli aCqarebis mxebi da normaluri Semdgenebi 

 

cnobilia, rom (ix. $8.3) veqtoruli aCqarebis veqtori wertilis traeq- 

toriis M n  mimxeb sibrtyeSi mdebareobs. cxadia, aCqarebis gegmili binor-

malze nulis tolia. e.i. 0bw  . gavigoT aCqarebis gegmilebi danarCen or Rer-

Zze. amisaTvis v v  toloba (ix. (8.4.2) formula) gavawarmooT droiT, mi-

viRebT: 
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dv dv d

v
dt dt dt


  .                               (8.6.1)  

gansazRvris Tanaxmad, 
dv

dt
 aris M  wertilis w  sruli aCqareba. marj-

vena mxaris pirvel Sesakrebs aqvs mxebis mimarTuleba da Tu mas aRvniSnavT 

w
-Ti, miviRebT: 

                       
dv

w
dt

                                        (8.6.2) 

(8.6.1) tolobis marjvena mxaris meore SesakrebSi SevitanoT wina pa-

ragrafSi miRebuli 
d v

n
dt






 
gamosaxuleba da Tu miRebul Sedegs aRvniSnavT 

nw -iT, gveqneba:  

                        
2

n

v
w n


 .                                    (8.6.3) 

(8.6.1) toloba miRebul aRniSvnebSi ase Caiwereba:  

                        
nw w w  .                                   (8.6.4) 

w
 veqtors aCqarebis mxebi Semdgeni an mxebi aCqareba ewodeba, xolo 

nw  

veqtors – normaluri Semdgeni an normaluri aCqareba. sabolood vRebulobT:                           

                  
2 2

2
, , 0n b

dv d s v
w w w

dt dt



    .                        (8.6.5) 

davamtkiceT Semdegi Teorema: wertilis veqtoruli aCqarebis gegmili 

mxebze tolia skalaruli siCqaris pirveli rigis an mrudwiruli koordina-

tis meore rigis warmoebulisa droiT, xolo gegmili mTavar normalze ud-

ris siCqaris kvadratis fardobas traeqtoriis mocemul wertilSi misi sim-

rudis radiusTan; aCqarebis gegmili binormalze nulis tolia. 

damtkicebuli Teorema aris kinematikis erT-erTi ZiriTadi Teorema. mas 

hiugensis Teorema ewodeba. 

M  wertilidan M  mxebisa da Mn  mTavari normalis gaswvriv gadav-

doT Sesabamisad w  da nw  veqtorebi (nax. 8.7). 
nw  veqtori yovelTvis  mimar-

Tulia traeqtoriis Cazneqilobisaken, xolo w -s mimarTuleba an daemTxveva 

M -s dadebiT mimarTulebas an misi sawinaaRmdego iqneba imis mixedviT, Tu ra 

niSani aqvs w  gegmils. 

aCqarebis w  veqtori gamoisaxeba w  da nw  veqtorebze, rogorc parale- 

ogramis gverdebze agebuli diagonaliT. aRvniSnoT w  veqtoris mier mTavar 

normalTan Sedgenili kuTxe   asoTi da gveqneba: 

                 

22 2
2 2

n

dv v
w w w

dt




  
      

   
,  ,

n

w
tg

w

 

                     
(8.6.6) 
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sadac 
2 2

 
   .  

 

   a)                                       b) 

 

  

 

 

                                        nax. 8.7 

     miviReT: Tu wertilis moZraoba mocemulia bunebrivi xerxiT, maSin 

(8.4.4), (8.6.5) da (8.6.6) formulebiT gavigebT wertilis siCqarisa da aCqarebis 

modulsa da mimarTulebas drois nebismier momentSi. 

davubrundeT moZraobis mocemis koordinatul xerxs. roca mocemulia 

wertilis moZraobis gantolebebi, maSin (8.2.3), (8.2.4), (8.3.4) da (8.3.5) formule-

biT gavigebT wertilis siCqaresa da aCqarebas. gamoviyvanoT am SemTxvevaSi 

mxebi aCqarebis gamosaTvleli formula. am mizniT 2 2 2

x y zv v v v    gamosaxu-

leba gavawarmooT droiT. miviRebT: 

      

 2 2 2

2 2 2

2 2 2

2

x y z
x x y y x x

x y z

x y z

dx dy dz
v v v v w v w v wdv d dt dt dtw v v v

dt dt vv v v


   
     

 
.        

amgvarad,          

  

                    x x y y x xv w v w v w
w

v


 
 .                              (8.6.7) 

roca traeqtoria moTavsebulia Oxy  sibrtyeSi, maSin (8.7.7) aseT saxes 

Rebulobs: 

                    

x x y yv w v w
w

v



 .                                  (8.6.8) 

normalur aCqarebas gavigebT Semdegi formuliT: 

                    
2 2

nw w w  .                                    (8.6.9) 

      brtyeli traeqtoriis SemTxvevaSi (8.6.9) aseT saxes Rebulobs: 

                     
x y y x

n

v w v w
w

v


 .                                      (8.6.10)    

 

8.7. wertilis moZraobis zogierTi kerZo SemTxveva 

 

ganvixiloT wertilis moZraobis zogierTi kerZo SemTxveva.  

1. wrfivi moZraoba. zemoT aRvniSneT, rom (ix. $8.5) wrfisaTvis    , 

amitom am SemTxvevaSi 2 2

nw v v  =0 da wertilis aCqareba udris mxolod 

 

 



136 
 

mxeb aCqarebas, e.i. 

                      

dv
w w

dt
  .                                   (8.7.1) 

radganac wrfivi moZraobis SemTxvevaSi siCqare icvleba mxolod ric-

xobrivad, amitom aqedan davaskvniT: mxebi aCqareba axasiaTebs siCqaris ric-

xobriv cvlilebas. 

2. Tanabari wrfivi moZraoba. am SemTxvevaSi 0w   (vinaidan v const ) da 

nw =0 (vinaidan    ), amitom 0w  . aRsaniSnavia, rom wrfivi Tanabari 

moZraoba erTaderTi moZraobaa, romlis drosac aCqareba nulis tolia. 

3. Tanabari mrudwiruli moZraoba. mrudwirul moZraobas ewodeba Ta-

nabari, Tu mTeli moZraobis ganmavlobaSi skalaruli siCqare ar icvleba, e.i. 

v const , maSin 0
dv

w
dt

    da wertilis aCqareba tolia mxolod normaluri 

aCqarebis, e.i.  

                  2

nw w v   .                                            (8.7.2) 

am SemTxvevaSi aCqareba mimarTulia traeqtoriis mTavari normalis gasw-

vriv da misi gaCena ganpirobebulia mxolod siCqaris mimarTulebis SecvliT, 

amitom vaskvniT: normaluri aCqareba axasiaTebs siCqaris mimarTulebis cvli-

lebas.  

davadginoT Tanabari mrudwiruli moZraobis kanoni. rogorc viciT v=   

=
ds

dt
 => ds vdt . davuSvaT, rom roca 

ot t , maSin 
os s . gvaqvs: 

o o

s t

s t

ds vdt   => os s = 

=  ov t t  => 

                      o os s v t t   .                                  (8.7.3) 

es aris wertilis Tanabari mrudwiruli moZraobis zogadi gantoleba.  

roca 0ot  , maSin 

                       
os s vt  .                                     (8.7.4) 

im SemTxvevaSi, roca 0os   da 
0 0t  , maSin 

                  ,
s

s vt v
t

  .                                   (8.7.5) 

rogorc vxedavT, am SemTxvevaSi s  aris t  droSi gavlili manZili da is 

drois proporciulia. 

4. Tanabarcvladi mrudwiruli moZraoba. wertilis moZraobas ewodeba 

Tanabarcvladi, Tu mxebi aCqareba mTeli moZraobis ganmavlobaSi ar icvleba, 

e.i. w const  . davadginoT am moZraobis kanoni. davuSvaT, rom roca 
ot t , maSin 
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,o os s v v  . rogorc viciT, 
dv

w
dt

   => dv w dt  => 
o o

v t

v t

dv w dt   =>  o ov v w t t    

=>                           o ov v w t t   .                              (8.7.6)             

magram 
ds

v
dt

  da (8.7.6) ase gadaiwereba:  o o

ds
v w t t

dt
    =>  

 o ods v dt w t t dt    =>  
o o o

s t t

o o

s t t

ds v dt w t t dt      =>  

                       
21

2
o o o os s v t t w t t     .                        (8.7.7)                 

es aris wertilis Tanabarcvladi mrudwiruli moZraobis zogadi gan-

toleba.  

roca 0ot  , maSin 

             21

2
o os s v t w t   .                                        (8.7.8) 

im SemTxvevaSi, roca 0, 0o ot s  , maSin 

        21

2
os v t w t  .                                           (8.7.9) 

roca 0, 0, 0o o ot s v   ,  maSin 

             21
,

2
s w t v w t   .                                        (8.7.10)                              

Tu mrudwiruli moZraobisas siCqaris mimarTuleba izrdeba, maSin moZ-

raobas hqvia aCqarebuli, Tu mcirdeba – Senelebuli. Tu amave dros moZraoba 

Tanabarcvladicaa, maSin moZraobebs hqvia Sesabamisad TanabaraCqarebuli an 

TanabarSenelebuli.  

vinaidan siCqaris modulis cvlileba xasiaTdeba mxebi aCqarebiT, amitom 

Tu siCqaresa da aCqarebas erTnairi niSnebi aqvT, maSin moZraoba aCqarebulia, 

winaaRmdeg SemTxvevaSi – Senelebuli. aCqarebuli moZraobis dros kuTxe 

siCqaresa da aCqarebas Soris maxvilia, xolo Senelebuli moZraobisas – 

blagvi. 

5. Tanabarcvladi wrfivi moZraoba. am SemTxvevaSi 0nw  , amitom 

w w const    da (8.8.6)-(8.8.10) formulebi aseTi saxiT Cawerebian: 

              
2

0 0

1
,

2
o o o ov v w t t s s v t t w t t        ,                   (8.7.11)    

         
0v v wt  ,   21

2
o os s v t wt  

    
 0ot  ,                     (8.7.12) 

        
0v v wt  ,   21

2
os v t wt        0o ot s  ,                    (8.7.13) 

         v wt ,     21

2
s wt     0o o ot s v   .                        (8.7.14) 



138 
 

 

8.8. wertilis siCqare da aCqareba polarul koordinatebSi 

Oxy  sibrtyeSi M  wertilis mdebareoba calsaxad ganisazRvereba x  da 

y  dekartis koordinatebiT (nax. 8.8). aseve calsaxad iqneba gansazRvruli 

wertilis mdebareoba, Tu gvecodineba misi r r OM   daSoreba koordinatTa 

saTavidan da   kuTxe, romelsac r  radius-veqtori adgens Ox  RerZTan.   

kuTxe aiTvleba Ox  RerZidan saaTis isris brunvis sawinaaRmdego mimar-Tu-

lebiT.  ,r   koordinatebs polaruli koordinatebi ewodeba. nax. 8.8-dan 

advilad miiReba dekartis koordinatebTan maTi damakavSirebeli formulebi: 

               cos , sin 0, 0 2x r y r r        .                 (8..1) 

im SemTxvevaSi, roca   kuTxe izrdeba usasrulod, maSin movxsniT masze 

dadebul SezRudvas. advili misaxvedria, rom r const  sakoordinato  wirebi 

warmoadgens koncentrul wrewirebs centriT O  wertilSi, xolo const   

sakoordinato wirebi - O  centridan gamosul sxivebs.  

 

 

 

 

 

 

 

         nax. 8.8                                 nax. 8.9 

mimarTulebas OM  radius-vewtoris gaswvriv, radialuri anu sigrZivi 

ewodeba, xolo mis marTobul ( r const  sakoordinato wrewirebis mxebis Tan-

xvedril) mimarTulebas – transversaluri anu ganivi. radialuri mimar-

Tulebis erTeulovani veqtori aRvniSnoT re -iT, xolo transversalurisa - e -

iT. advilad miviRebT, rom (nax. 8.9) 

        cos sinre i j   , 

                      sin cos ,e i j      

sadac i  da j  Sesabamisad Ox  da Oy  RerZebis ortebia. 

gamovTvaloT rde

d
 da 

2

2

rd e

d
, gveqneba: 

    sin cosrde
i j e

d
 


    ,    

2

2
cos sinr

r

ded e
i j e

d d


 

 
      . 

gamoviyvanoT radialur da transversalur mimarTulebebze siCqarisa da 

aCqarebis gegmilebis gamosaTvleli formulebi. davuSvaT, rom rr e r  . 

 



139 
 

aqedan,
     

  r r
r r r r

de dedr d dr d dr dr d
v e r r e r e e e r

dt dt dt dt d dt dt dt dt


 


                .  

amgvarad,  

                       
r

dr d
v e e r

dt dt



     .                             (8.8.2) 

davagegmiloT (8.9.2) toloba radialur da transversalur mimarTule-

bebze. miviRebT:  

                       ,r

dr d
v v r

dt dt



  .                             (8.8.3) 

axla gamovTvaloT aCqareba, gveqneba: 
2 2

2 2

r
r r

dededv d dr d dr d r d dr d d
w e e e r e e r

dt dt dt dt dt dt dt dt dt dt dt dt



  

    
         

 
 

  =
2 2

2 2

r
r

dede d dr d r d d dr d d dr d dr d
e r e e r e e

d dt dt dt d dt dt dt dt dt dt dt dt dt



   

      

 
       

  +
2 22 2 2 2

2 2 2 2
2r r r

d d d r d r d dr d d
e r e r e e r e r

dt dt dt dt dt dt dt dt
 

          
                  

. 

Tu SemoviRebT aRniSvnebs: 
2 2

2 2
, , ,

dr d r d d
r r

dt dt dt dt

 
     , maSin  

                       2 2rw e r r e r r      .                        (8.8.4) 

davagegmiloT es toloba radialur da transversalur mimarTulebebze. 

miviRebT:  

                     2 , 2rw r r w r r      .                       (8.8.5) 

transversaluri aCqareba SeiZleba aseTi saxiTac CavweroT: 

   21
r

d d
w r

r dt dt

 
  

 
.                               (8.8.6) 

mxebi aCqareba gamoiTvleba                   

                      r rv w v w
w

v

 




 ,                                (8.8.7) 

xolo normaluri -       
r r

n

v w v w
w

v

 
                                  (8.8.8) 

mtkicdeba, rom Tu r  da   koordinatebs Soris arsebobs  r f 

funqciuri damokidebuleba, maSin traeqtoriis simrudis radiusi gamoiTvleba 

Semdegi formuliT: 

                      
 

3 2
2 2

2 22

r r

r r rr





 
,                                 (8.8.9)       

sadac 2 2,r dr d r d r d   . 
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Tu r  da   koordinatebi mocemulia parametruli saxiT, maSin traeq-

toriis simrudis radiusi gamoiTvleba Semdegi formuliT: 

                   
 

3 2
2 2 2

2 2 32

r r

r r r r r r




   




  
.                         (8.8.10) 

traeqtoriis simrudis radiusi SegviZlia  asec ganvsazRvroT: gvecodi- 

neba ra siCqare da aCqareba (Tavisi gegmilebiT), gavigebT  normalur aCqare-

bas (8.8.8) formuliT da Semdeg –  

                              2

nv w  -s.                                  (8.8.11) 

  

8.9. meToduri miTiTebebi amocanebis amosaxsnelad 

wertilis kinematikis amocanebi SegviZlia davyoT Semdeg or ZiriTad 

tipad:   

I. wertilis wrfiv moZraobasTan dakavSirebuli amocanebi. am tipis am-

ocanebSi wertilis wrfivi moZraobis gantolebidan vsazRvravT wertilis 

traeqtorias, v  siCqares da w  aCqarebas, amasTan es gantoleba an mocemulia 

an amocanaSi mocemuli pirobebiT unda ganvsazRvroT.  

II. wertilis mrudwirul moZraobasTan dakavSirebuli amocanebi. am 

tipis amocanebi Tavis mxriv iyofa ramdenime jgufad.  

1. amocanebi, romlebSic moiTxoveba wertilis traeqtoriis, v  siCqaris 

da w  aCqarebis gansazRvra dekartis koordinatebSi mocemuli moZraobis gan-

tolebebis gamoyenebiT. 

2. amocanebi, romlebSic moiTxoveba dekartis koordinatebSi wertilis 

moZraobis gantolebebis Sedgena da wertlis traeqtoriis, agreTve  v  siCqa-

risa da w  aCqarebis gansazRvra.   

3. amocanebi, romlebSic gamoiyeneba wertilis mdebareobis mocemis bu-

nebrivi xerxi, e.i. mocemulia moZraobis traeqtoria, xolo mis gaswvriv moZ-

raobis gantoleba an mocemulia an unda davadginoT amocanaSi mocemuli pi-

robebiT. 

4. kombinirebuli amocanebi. 

kinematikis amocanebi wertilis siCqarisa da aCqarebis gamoTvlaze sa-

survelia Catardes Semdegi TanmimdevrobiT: 

1. virCevT koordinatTa sistemas; 

2. arCeul koordinatTa sistemaSi vadgenT wertilis moZraobis ganto-

lebebs; 

3. moZraobis gantolebebis saSualebiT gavigebT siCqaris gegmilebs ko-

ordinatTa RerZebze da siCqaris sididesa da mimarTulebas; 

4. siCqaris gegmilebebis saSualebiT gavigebT aCqarebis gegmilebs ko-

ordinatTa RerZebze da aCqarebis sididesa da mimarTulebas; 

amocana 8.1. wertilis mocemuli moZraobis gantolebebis mixedviT ne- 

bismierad SerCeul traeqtoriaze gaigeT s  daSoreba aTvlis saTavidan wer-
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tilis bolo mdebareobamde da wertilis mier gavlili   manZili miTiTe-

bul drois SualedSi ( s  da   izomeba sm-Si, dro wm-Si): [64]   

1. 25 4 ,s t t    0 5;t           2. 21 2s t t   ,  0 2,5t  ;   

3. 4sin10s t , 20 3 10t   ;   4. 3 23 2,5 6 3s t t t    ,    0 4t  .     

amoxsna. aviRoT wrfivi traeqtoria. Zalian advilad gamovTvliT s -s. 

amocanis pirobis Tanaxmad,   21. 5 5 4 5 5 10s      sm;  2.  2,5 1 5 6,25 0,25s      sm;  

3.    20 4sin10 3 10 0s    ;  4.  
1 1

4 64 2,5 16 6 4 3 2
3 3

s         sm.  

 

                           1           5          10         s      

 

                                    

                                     nax. 8.10 

ganvsazRvroT wertilis mier gavlili   manZili. 

1. gavigoT sawyis momentSi sad imyofeba wertili s  RerZze:  0s =5 sm.  

(nax. 8.10). sainteresoa, 5 wm-is ganmavlobaSi wertili xom ar Cerdeba sadme da 

Semdeg agrZelebs moZraobas? amis gasagebad ganvsazRvroT wertilis siCqare 

da gavutoloT nuls: v ds dt = 4 2t  =0 => 1t =2 wm. miviReT, rom moZraobis 

dawyebidan 2 wm-is Semdeg wertili Cerdeba. vnaxoT, sad imyofeba is am mo-

mentSi:  2 5 4 2 4s     =1 sm. advili gamosaTvlelia, rom sawyis momentidan ga-

Cerebamde wertilma gaiara  1 0s  -  2s =5-1=4 sm-is toli manZili. Semdeg 

wertili amoZravda. gavigoT RerZis romel wertilSi mivida Cveni wertili 5 

wm-is gasvlis Semdeg:  5 10s  sm. 3  wm-is ganmavlobaSi wertilma kidev gaiara 

   2 5 2s s   =10-1=9 sm. 5 wm-is ganmavlobaSi wertilma sul gaiara  =
1 2 

=4+9=13 sm.  

analogiurad gavigebT gavlil manZilebs danarCen magaliTebSic. 

2.  0 1s  sm; 2 2v t   =0  =>  
1 1t   wm;   1 2s  sm =>  1 1s  -  0s =2-1=1 sm; 

 2,5 0,25s   sm;  2 1 0,25    =1,25  =>  1 2    =2+1,25=3,25 sm.    

3.    20 4sin10 20s   =  4sin 2 4  sm;  4 10cos10v t  =0 <=> cos10 0t   => 

10 2 ,t k k Z     => 20 10t k    =>  0 20t  , 
1 20 10t    =3 20 , 

2 20t  +  

+2 10 =5 20 ; bolo momentia 
3 3 10t   wm.  3 20 4s    sm => 1 =  20s          -

 3 20s  =  4 4 8   sm;   5 20s  =4 sm =>    2 5 20 3 20s s    =  8 8  =16 sm;  

   3 5 10 3 20s s    =40=4  => 
1 2 3      =8+8+4=20 sm.                                                                     
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4.  0 3s   sm;  2 5 6 0v t t      => 1 2t  wm,  
2 3t  wm,  bolo momentia 4t  wm;  

 
2

2 1
3

s  sm  =>    1 2 0s s   =  
2

1 3
3
  =

1
4

3
;   3 1,5s   =>    2 2 3s s   = 

2
1 1,5

3
 = 

1

6
;  

1
4 2

3
s   =>    3 4 3s s   =

1 5
2 1,5

3 6
    =>  

1 2 3      
1

4
3


1

6
+ +

5

6
=

1
5

3
. 

       pasuxi. 1.  5 10s  sm,   =13 sm;       2.  2,5 0,25s   sm,   =3,25 sm;   

         3.  20 0s   ,   =20 sm.      4.  
1

4 2
3

s  sm,   =
1

5
3
 sm.  

amocana 8.2. mocemuli wertilis moZraobis gantolebebiT ipoveT misi 

traeqtoria da traeqtoriaze moZraobis kanoni, aTvlili wertilis sawyisi 

mdebareobidan:    

1. 2 23 , 4 ;x t y t      2. 3sin , 3cos ;x t y t      3. 2 2cos , sin ;x a t y a t   

4. 2 25cos5 , 5sin5 .x t y t   

      amoxsna. wertilis moZraobis traeqtoriis gantolebis gasagebad moZ-

raobis gantolebebidan unda gamovricxoT t  parametri. miviRebT mruds, ro-

melic mTlianad an nawilobriv aris wertilis traeqtoria. wertilis traeq-

toriaze moZraobis  s f t  saxis kanonis dasadgenad unda gamoviyenoT (8.1.8) 

formula. 

ganvixiloT TiToeuli magaliTi cal-calke. 

1. 2 23 , 4x t y t    => 4 3 0x y  , 0, 0x y   => wertilis traeqtoria aris 

naxevarwrfe. 

6 , 8dx t dt dy t dt   =>    
2 2

ds dx dy  =10 t dt   => 
0

10

t

s t dt  = 25t . 

2. 3sin , 3cosx t y t    => 2 2 9x y  . 

3cos , 3sindx t dt dy t dt     => 3ds dt   
0

3

t

s dt  =3 .t  

2 23. cos , sin , 0x a t y a t a    => traeqtoria aris x y a   wrfis monakveTi, 

amasTan  0 ;x y a  ;  sin 2 , sin 2dx a t dt dy a t dt     => 2 sin 2ds a t dt   => 

    0

2 sin 2

t

s a t dt  =  
0

1
2 cos2

2

t
a t   

1
2 cos2 1

2
a t  = 22 sina t .  

4. 2 25cos5 , 5sin5x t y t     => 2 2 25x y  . 

   2 250 sin5 , 50 s5dx t t dt dy t co t     => 50ds t dt  => 
0

50

t

s t dt  = 2.25t . 

pasuxi. 1. 4 3 0x y  , 0, 0x y  ;  s = 25t ; 

        2. 2 2 9x y  ;  3s t ; 

        3. x y a   wrfis monakveTi; 22 sins a t ; 
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        4. 2 2 25x y  ;   225s t .           

amocana 8.3. mocemulia M  wertilis moZraobis gantolebebi: 

            23 , 2 1x t y t           ( x  da y  - sm-Si,  t  - wm-Si). 

daadgineT traeqtoriis gantoleba da drois t =1 wm momentisaTvis gan-

sazRvreT wertilis siCqare, sruli, mxebi da normaluri aCqarebebi, agreTve 

traeqtoriis simrudis radiusi. 

 amoxsna. x -is gamosaxulebidan ganvsazRvroT 3t x  da SevitanoT y -is 

formulaSi, miviRebT:  

                           22
1

9
y t  .                                   (a) 

es aris parabola, romlis (0;1) wveroSi sawyis momentSi imyofeba M  

wetili. radganac 0, 0x y  , amitom wertilis traeqtoria aris (a) parabolis 

marjvena Sto.    

gamovTvaloT wertilis siCqare:     

        3, 4x yv v t    => 2 2

x yv v v  = 29 16t  sm/wm. 

gamovTvaloT wertilis aCqareba:   

         0, 4x yw w    => 4w  sm/wm 2 . 

wertilis mxebi aCqareba ganvsazRvroT (8.6.8) formuliT: 

        x x y yv w v w
w

v



 =

4 4t

v


=

2

16

9 16

t

t
 sm/wm 2 . 

gavigoT normaluri aCqareba:  

        2 2

nw w w  =
2

2

2

256
4

9 16

t

t



=

2

12

9 16t
 sm/wm 2 . 

traeqtoriis simrudis radiuss gavigebT 
nw -is gamosaTvleli formu-

lidan: 

        
2

n

v

w
  =  2

2

12
9 16 :

9 16
t

t



=
 

1,5
29 16

12

t
 sm.  

roca t =1 wm, maSin 5v  sm/wm,   4w   sm/wm 2 ,  3,2w   sm/wm 2 ;  2,4nw   

sm/wm 2 ;  10,42  sm. 

amocana 8.4. daadgineT nax. 8.11-ze gamosaxuli meqanizmis C  wertilis 

traeqtoriis gantoleba da drois 2t    wm momentisaTvis gansazRvreT wer-

tilis siCqare, sruli, mxebi da normaluri aCqarebebi, agreTve traeqtoriis 

simrudis radiusi, Tu OA mrudmxara brunavs mudmivi   kuTxuri siCqariT da 

2OA AB AC l    sm.      

amoxsna. es amocana imiT gansxvavdeba amocana 8.3-sagan, rom wertilis 

moZraobis gantolebebi ucnobia. isini Cven unda SevadginoT. C  wertilis 

koordinatebi aRvniSnoT x  da y -iT. nax. 8.11-dan vigebT: 1,5 cosx l  , y =       
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=0,5 sinl  . pirobis Tanaxmad, OA  mrudmxara brunavs mudmivi   kuTxuri siC-

qariT, amitom t   da C  wertilis moZraobis gantolebebisTvis sabolood 

gvaqvs: 

                 1,5 cosx l t ,  0,5 siny l t .                           (a) 

amis Semdeg moviqceviT zustad ise, rogorc wina amocanaSi. 

traeqtoriis gantolebas aqvs 
2 2

2 23
1

2 2

l l
x y

   
    

   
 saxe, rac aris el- 

ifsi 3 2l  da 2l  naxevarRerZebiT.  

gamoTvlebiT vRebulobT: 

3
sin

2
x

l
v t


  ,  cos

2
y

l
v t


   =>  21 8sin

2

l
v t


  ,  

23
cos

2
x

l
w t


  ,  

2
2sin

2
y

l
w t


    =>   

2
21 8cos

2

l
w t


  , 

2

2

2 sin 2

1 8sin

l t
w

t








,  

2

2

3

2 1 8sin
n

l
w

t







,   

1,5
21 8sin

6

l
t   . 

roca 2t    wm, maSin  3 2v l  sm/wm;  2 2w l  sm/wm 2 ;  0w  ;  

2 2nw l  sm/wm 2 ;  9 2.l      

 

 

 

  

 

 

 

               nax. 8.11                                     nax. 8.12 

 

amocana 8.5. koordinatTa RerZebis gaswvriv srialeben l  sigrZis AB  

ReroTi SeerTebuli A  da B  quroebi (nax. 8.12). quroebis rogori ganlage-

bisas iqneba Av  orjer meti Bv -ze?    

      amoxsna. cxadia, rom BOB x  daD AOA y . AOB -dan  2 2 2

B Bx y l     => 

     2 2 2

B A

d d d
x y l

dt dt dt
   => 2 2 0B A

B A

dx dy
x y

dt dt
    =>   0B B A Ax v y v    => B B A Ax v y v .  

SevitanoT 2A Bv v , miviRebT: 2B B A Bx v y v    =>   

                                2B Ax y .                                   (a) 

gardavqmnaT miRebuli gamosaxuleba: 2 2

A By l x   => 2 22B Bx l x    => 

                                
2 5

5
Bx l .                                   (b) 
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analogiurad miviRebT:  
5

5
Ay l .                                    (g) 

SeniSvna. $9.1-Si davamtkicebT Teoremas (grashofis Teorema), romlis  

Tanaxmad gegm AB Bv =gegm AB Av   <=> cos sinB Av v  , 2A Bv v  => 1 2tg  . 

pasuxi. 2B Ax y   an 
2 5

5
Bx l   an 

5

5
Ay l   an  1 2tg  . 

amocana 8.6. roca x  RerZi mimarTulia horizontalurad, xolo y  RerZi 

vertikalurad zeviT (nax. 8.13) da moZraobisadmi winaRobis Zala siCqaris 

proporciulia, maSin wertilis moZraobis gantolebebs aqva Semdegi saxe:  

    0 cos
1 kgtv

x e
kg

   ,   0

1 1
sin 1 kgt t

y v e
kg k k

  
    

 
,                    (a) 

sadac 
0, , ,v k g  mudmivi sidideebia. gaigeT:         

1. siCqare sawyis mometSi,  

2. sawyisi mdebareobis donidan zeviT asvlis h  udidesi simaRle, 

3. horizontis gaswvriv L  daSoreba sawyisi mdebareobidan udidesi 

simaRlis mdebareobamde. 

amoxsna. ganvsazRvroT wertilis siCqare: 

0 cos kgt

xv dx dt v e   ,      (b)          0

1
sin 1 kgt

yv dy dt v e
k

     .      (g) 

roca 0t  , maSin 
0 0xv v cos ,  

0 0 sinyv v    => 2 2

0 0 0.x yv v v v    

  0 0 0 0cos cosxcos x v v v v v     ,    0 0 0 0cos cosxcos x v v v v v     . 

miviReT, rom sawyis momentSi siCqaris moduli udris 0v -s da horzon-

tTan adgens  kuTxes.   

      cxadia, rom umaRles mdebareobaSi wertilis siCqaris 
yv  Semdgeni nu-

lis tolia, e.i. 0yv   <=>   1

0

1
sin 1 0kgtv e

k
     => 1

01 sinkgte kv    =>                 

                     1 0

1
ln 1 sint kv

kg
  .                              D(d) 

1t  aris drois is momenti, roca wertilma miaRwia umaRles mdebareobas. 

SevitanoT es mniSvneloba y -is formulaSi, miviRebT h -s:  

 0

0 2

0

ln 1 sin1 1 1
1

1 sin

kv
h v siv

kg k kv k g






  
     

  
= 0 0

2

0

1 sin sin

1 sin

kv kv

k g kv

 






 

  
 0

2

ln 1 sinkv

k g


= 0 sinv a

kg
  02

1
ln 1 sinkv

k g
 . 
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    nax. 8.13                                     nax. 8.14 

cxadia, rom L =  1x t = 0

0

cos 1
1

1 sin

v

kg kv





 
 

 
= 

 

2

0

0

sin 2

2 1 sin

v

g kv




. 

pasuxi. 1.    00 , cos ;v v x v     2. h = 0 sinv a

kg
  02

1
ln 1 sinkv

k g
 ; 

       3. L =
 

2

0

0

sin 2

2 1 sin

v

g kv




. 

amocana 8.7. dajdomisas TviTmfrinavis siCqare udris 400 km/sT. gansaz-

RvreT TviTmfrinavis Seneleba, Tu samuxruWo manZili aris 1200 m da Senele-

ba mudmivia.    

amoxsna. TviTmfrinavis moZraoba aris wrfivi da Tanabradcvladi. ga-

moviyenoT (8.7.13) formulebi: 
0v v wt  , 21

2
os v t wt  . pirobis Tanaxmad, 0v =54 

km/sT = 1000/9 m/wm, 0v  , s =1200 m, w const  . samuxruWo dro aRvniSnoT T -Ti da 

mocemuli mniSvnelobebis gaTvaliswinebiT, miviRebT:  

          
1000

0
9

wT  ,  
21000

1200
9 2

wT
T    => 5,14w   m/wm 2 .               

pasuxi. 5,14  m/wm 2 .               

amocana 8.8. 54 km/sT siCqariT moZravma matarebelma pirvel 30 wm-Si 

gaiara 600 m. moZraoba Tanabarcvladia. gansazRvreT matareblis siCqare da 

aCqareba 30-e wamis bolos, Tu is moZraobs R =1 km radiusis mqone mosaxvevSi.         

amoxsna. matareblis moZraoba Tanabarcvladi da mrudwirulia. gamovi-

yenoT (8.7.6) da (8.7.9) formulebi: 0v v w t  , 21

2
os v t w t  . pirobis Tanaxmad,    

0v =54 km/sT=15 m/wm, s =600 m, t =30 wm, R =1 km =1000 m, .w const   am mniSvnelobebis 

gaTvaliswinebiT (8.7.6) da (8.7.9) formulebi aseT saxes Rebuloben: 

15 30v w  ,   600=15  30+
900

2
w   => v=25 m/wm,  1 3w   m/wm 2 .                

viciT ra siCqare da traeqtoriis simrudis radiusi, gavigebT normalur 

aCqarebas Semdegi formuliT: 2

nw v R = 225 1000=0,625. Semdgenebis gansazRvris 

Semdeg gavigebT srul aCqarebas: 2 2

nw w w  =    
2 2

0,625 1 3 0,3906 0,1111           
 

= 0,5017  0,708 m/wm 2 .                
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pasuxi. v  25 m/wm;  w=0,708 m/wm 2 .                

amocana 8.9. vertikalurad zeviT asrolili wertilis moZraobis gan-

tolebaa 2

0 2x v t gt  , sadac 0v  da g  mudmivi sidideebia. gansazRvreT wer-

tilis siCqare da aCqareba, asvlis maqsimaluri simaRle  da am simaRleze asv-

isTvis daxarjuli dro.    

amoxsna. advilad gavigebT: 
0xv v dx dt v gt    , w g  . rogorc vxedavT, 

aCqareba mudmivia. roca 0t  , maSin 
0.v v  miviReT, rom moZraobis gantolebaSi 

mocemuli 0v  koeficienti  aris wertilis sawyisi siCqare. cxadia, wertilis 

siCqare misi umaRles mdebareobaSi udris nuls, amitom 00 v gT  , sadac T  ar-

is umaRles  simaRleze asvlisTvis saWiro drois Sualedi => 0T v g . maSin 

|t Th x   2

0 2v T gT    2 2

0 0 02v v g g v g  = 2

0 2v g . 

pasuxi. 
0v v gt  ;  w g  ;  0T v g ;  2

0 2h v g . 

amocana 8.10. wertilis moZraobis gantolebebia:  

            21
ln 1

4
x t t   ,    

2
ln 2

3
y t t   . 

gansazRvreT wertilis mxebi aCqareba pirveli wamis bolos.  

amoxsna. mxebi aCqareba SegviZlia gavigoT rogorc wertilis siCqaris 

droiT gawarmoebiT (ix. (8.6.5) formula), aseve (8.6.8) formuliT. gamoviyenoT 

(8.6.8) formula: x x y yv w v w
w

v



 . rogorc vxedavT, unda gamovTvaloT siCqarisa 

da aCqarebis gegmilebi da siCaris moduli. 

1 1

2 1
xv t

t
 


, 

2 1

3 2
yv

t
 


=>  

   
2 2

1 1 2
, .

2 1 2
x yw w

t t
   

 
 roca t =1 wm, maSin xv =1 

m/wm, 
yv =1 m/wm => 2v   m/wm, 

1

4
xw   m/wm 2 , 

1

9
yw    m/wm 2 . SevitanoT miRebuli 

mniSvnelobebi w -s formulaSi da miviRebT: w =
 1 1 4 1 1 9

2

   
=5 2 72 m/wm 2 .       

pasuxi.  5 2 72 m/wm 2 .   

      amocana 8.11. Wurvi, romelic gamofrinda mTis ferdobis ZirSi mdgomi 

qvemexidan, moZraobs Semdegi gantolebebis mixedviT:    

                        
0 ,x v t cos

  

2

0 sin ,
2

gt
y v t  

                                                                                                                 
sadac   aris kuTxe horizontsa da Wurvis moZraobis mimarTulebas Soris 

(nax. 8.14). gansazRvreT Wurvis frenis siSoris udidesi mniSvnelobis Sesaba-

misi   kuTxis sidide, Tu ferdobis daxris kuTxe udris  -s.   

amoxsna. wertilis moZraobis gantolebebidan gamovricxoT t  parametri: 

0 cost x v   SevitanoT y -is gamosaxulebaSi, miviRebT: 
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02 2

02 cos

g
y v tg

v



   .                                  (a) 

sadac   aris kuTxe horizontsa da Wurvis moZraobis mimarTulebas Soris.  

OA wrfis gantolebaa:           y x tg  .                            (b) 

A  wertilis y  ordinatis mniSvnelobebi, gansazRvruli (a) da (b) to-

lobebidan, erTmaneTis toli unda iyos, e.i.  

           x tg 
2 2

02 cos

g
x tg

v



    =>   2

2 2

02 cos

g
x tg tg x

v
 


    =>  

            
2

202
cos

v
x tg tg

g
    =  

2
20 sin 2 2cos

v
tg

g
    . 

miRebul gamosaxulebaSi 0v  da   mudmivi sidideebia. x  frenis siSore 

icvleba mxolod   kuTxis cvlilebis Sedegad. frenis siSoris udidesi mniS-

vnelobis gasagebad, dx d  unda gavutoloT nuls, miviRebT: 

 
2

0 2cos2 2 sin 2 0
v

tg
g

      => 2ctg tg    => 2
2

ctg ctg


 
 

  
 

  => 

 2
2


     =>  

1

2 2


 

 
  

 
.  

pasuxi. 
1

2 2


 

 
  

 
, e.i. Wurvis frenis siSore Seesabameba im kuTxis na-  

xevars, romelsac ordinatTa RerZis uaryofiTi mimarTuleba adgens fer-

dobTan. 

      amocana 8.12.  wertilis moZraobis gantolebebs polarul koordinat-

ebSi aqvs Semdegi saxe: k tr ae da k t  , sadac a da k  mocemuli mudmivi si-

dideebia. ipoveT wertilis traeqtoriis gantoleba, siCqare, sruli, mxebi da 

normaluri aCqarebebi, agreTve traeqtoriis simrudis radiusi, rogorc r  

radius-veqtoris funqciebi. 

amoxsna. moZraobis gantolebebidan gamovricxoT t  parametri: advilad 

miviRebT: r ae . miviReT, rom wertilis traeqtoria aris logariTmuli xvia.  

wertilis siCqaris gegmilebis gamosaTvlelad gamoviyenoT (8.8.3) for-

mulebi, miviRebT: 

      kt kt

r

dr d
v ae ake kr

dt dt
    ,   

d d
v r r kt rk

dt dt



    => 2v kr . 

wertilis aCqarebis gegmilebi gamovTvaloT (8.8.5) formulebiT: 

       
2 22

2 2

2

kt kt

r

d r d d d
w r ake r kt ak e rk

dt dt dt dt

   
        

   
= 2 2 0rk rk  , 

    
   2

2 2

2
2 2 2 2

d kt d kd dr d d
w r r krk r k r k r

dt dt dt dt dt dt


   
       

 
 => 22w k r . 

mxebi aCqarebis gamosaTvlelad gamoviyenoT (8.8.7) formula, miviRebT: 
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2

20 2
2

2

kr kr k r
w k r

kr


  
  . 

normaluri aCqarebis gamosaTvlelad gamoviyenoT (8.8.8) formula, mi-

viRebT: 

                       

2

2
2 0

2
2

n

kr k r kr
w k r

kr

  
  . 

traeqtoriis simrudis radiusi gamovTvaloT (8.8.10) formuliT, mivi-

RebT: 

                        
 

2

2

2

2
2 .

2n

krv
r

w k r
        

gamovTvaloT simrudis radiusi (8.8.9) formuliT. amisaTvis winaswar 

unda gamovTvaloT r ae  funqciis  
dr

r
d

  da 
2

2

d r
r

d
  warmoebulebi. advilad 

miviRebT:   r = ae = r  => r r . maSin (8.8.9) gvaZlevs: 

            

     
3 2 1,5 3 2

2 2 2 2 2 3

2 2 2 2 2 2

2 2 2
2 .

2 2 2 2

r r r r r r
r

r r rr r r rr r r


 
    

     
axla simrudis radiusis gamosaTvlelad  gamoviyenoT (8.8.10) formula: 

 
 

3 2
2 2 2

2 2 32

r r

r r r r r r




   




  
. 

zemoT gamoTvlili gvaqvs: r kr , k    => 2r k r ,  =0  => 

 
3 2

2 2 2

2 2 2 3 20 2

kr r k

r kr k r k r k r k r k


 
 

   
=

 
3 2

2 2

3 2 3 2 3 2

2

2

r k

k r k r k r 
=

3 3

3 2

2 2

2

k r

k r
= 2r . 

pasuxi. 2 2 2, 2 , 2 , 2 , 2 , 2 .nr ar v kr w k r w k r w k r r

        

amocana 8.13. wertili moZraobs ise, rom misi radius-veqtori mudmiv    

kuTxes adgens siCqaresTan (nax. 8.15). gansazRvreT wertilis moZraobis ganto-

leba polarul koordinatebSi.        

amoxsna. gamoviyenoT (8.8.3) formulebi: ,r

dr d
v v r

dt dt



  . pirobis Tanax-  

                                 mad, 
rv v tg  , maSin 

d dr
r tg

dt dt


  =>  

                                     

dr
ctg d

r
    =>  

0 0

r

r

dr
ctg d

r



     =>  

                                     0 0ln | |r

rr ctg      => 
0ln lnr r ctg      

                                           =>  
0

ln
r

ctg
r

    =>  
0

ctgr
e

r

    => 
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0

ctgr r e  .             (a)                             

               nax. 8.15                           (a) aris wertilis moZraobis  

                                          gantoleba  polarul koordinateb- 

Si. am mruds logariTmuli spirali (xvia) ewodeba. 

roca 90  , maSin 0r r , e.i. wertili moZraobs 
0r  radiusian wrewirze.  

 

roca 0  , maSin 0
d

v r
dt




   => 0

d

dt


  => 

0 const   , e.i. wertili 

moZraobs wrfivad radius-veqtoris gaswvriv. 

Tavi IX 
myari (aradeformadi) sxeulis kinematika 
myari sxeulis modeli. myari sxeulis umartivesi  

saxis moZraobebi 

aTvlis sistemis mimarT myari sxeulis mdebareobis dasadgenad aviRoT 

misi raime erT wrfeze armdebare sami wertili. am samidan, Tu davamagrebT 

erT wertils, maSin sxeuli ibrunebs am wertilis garSemo; Tu davamagrebT 

or wertils, maSin sxeuli ibrunebs am wertilebze gamavali wrfis garSemo, 

xolo Tu davamagrebT samive wertils, maSin sxeuli iqneba uZravi. amgvarad, 

myari sxeulis mdebareoba sivrceSi ganisazRvreba misi erT wrfeze armdebare 

sami wertiliT. SevaerToT es wertilebi erTmaneTTan monakveTebiT. miviRebT 

samkuTxeds, romelic kinematikaSi warmoadgens myari sxeulis models. am sam-

kuTxedis moZraoba savsebiT gansazRvravs masTan mkvidrad dakavSirebul ne-

bismieri myari sxeulis moZraobas. 

myari sxeulis kinematikaSi ganixileba Semdegi ori ZiriTadi amocana: 

1. sxeulis, rogorc erTi mTliani obieqtis, moZraobis mocema da moZ-

raobis kinematikuri maxasiaTeblebis gansazRvra; 

2. sxeulis calkeuli wertilebis moZraobis kinematikuri maxasiaTeb-

lebis gansazRvra. 
myari sxeulis kinematikaSi upirvelesad Seiswavleba gadataniTi moZ-

raoba da brunva uZravi RerZis garSemo. es moZraobebi yvelaze martivi moZ-

raobebia da warmoadgenen sxeulis rTuli moZraobis Semdgen nawilebs.   

 

9.1. myari sxeulis kinematikis ZiriTadi Teorema 

(grashofis Teorema) 

 

Teorema. absoluturad myari sxeulis ori nebismieri wertilis siCqa-

reebis gegmilebi am wertilebze gamaval wrfze, erTmaneTis tolia. 
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damtkiceba. sxeulis ori nebismieri A  da B  wertilis siCqareebi aRv-

niSnoT Av  da Bv -Ti. am wertilebze gavataroT wrfe da siCqareebi davSaloT 

am wrfisa da misi marTobi mimarTulebis gaswvriv (nax. 10.6). miviRebT:  

                     ,A A A B B Bv v v v v v       .                             (91.1) 

sxeuli absoluturad myaria, amitom   

                           
A Bv v   (9.12)                                  

(winaaRmdeg SemTvevaSi Seicvleba manZili A  da B  wertilebs Soris). 

(9.1.2) tolobidan gamomdinareobs: 

  A Bv v   gegm  AB Av =gegm  AB Bv . 

 Teorma damtkicebulia. 

cxadia, es Teorema Seexeba ara marto or wertils, aramed maTze gama-

vali wrfis yvela wertils, amitom Teorema SegviZlia asec CamovayaliboT: 

sxeulSi gavlebuli wrfis wertilebis siCqareebis gegmilebi amave wrfeze, 

ertTmaneTis tolia. 

damtkicebul Teoremas grashofis Teoremas uwodeben.  

es Teorema samarTliania absoluturad myari sxeulis nebismieri moZ-

raobisTvis. 

am Teoremis gamoyenebiT Zalian martivad gavigebT sxeulis nebismieri 

wertilis siCqaris moduls (an mimarTulebas), Tu viciT am siCqaris mimar-

Tuleba (an moduli) da amave sxeulis sxva romelime wertilis siCqare.  

am Teoremas gansakuTrebiT didi gamoyeneba aqvs myari sxeulis brtyel-

paraleluri moZraobasTan dakavSirebuli amocanebis amoxsnisas. 

       9.2. myari sxeulis gadataniTi moZraoba 

 

gansazRvra. sxeulis iseT moZraobas, romlis drosac am sxeulSi gav- 

lebuli yoveli wrfe gadaadgildeba ise, rom paraleluri rCeba Tavisi pir-

vandeli mdebareobis, gadataniTi moZraoba ewodeba. 

sazogadod, gadataniTi moZraoba ar aris wrfivi moZraoba. am dros sxe-

ulis wertilebis  traeqtoria SeiZleba iyos nebismieri wiri.  magaliTad, 

AB  sauRlis 
1O A da 2O B  (

1O A= 2O B ) mrudmxarebis garSemo brunvisas, sauRle 

asrulebs gadataniT moZraobas (masSi gavlebuli nebismieri wrfe Tavisi 

pirvandeli mdebareobis paraleluri rCeba), Tumca sauRlis wertilebi moZ-

raoben wrewirebze (nax. 9.2). 
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        nax. 9.1                                        nax. 9.2 

 

sxeulis gadataniTi moZraobis Tvisebebs gamosaxavs Semdegi Teorema: 

gadataniTi moZraobisas sxeulis yvela wertili aRwers erTnair traeqto-

riebs (wirebs, romlebic erTimeoreze dadebisas, erTmaneTs emTxveva) da 

drois yovel momentSi aqvT toli siCqareebi da toli aCqarebebi.  

damtkiceba. ganvixiloT myari sxeuli, romelic gadataniT moZraobs 

dekartis Oxyz  koordinatTa sistemis mimarT (nax. 9.3). misi nebismieri ori A  

da B  wertilis radius-veqtorebi saTavis mimarT aRvniSnoT Sesabamisad Ar  da 

Br -Ti. gavataroT AB  veqtori, maSin  

                      A Br r AB  .                                     (9.2.1) 

AB  veqtors aqvs mudmivi sigrZe (is aerTebs absoluturad myari sxe-

ulis or wertils!) da mudmivi mimarTuleba (sxeuli asrulebs gadataniT 

moZraobas!), amitom is mudmivi veqtoria. maSin (9.2.1)-dan vRebulobT: B  werti- 

lis traeqtoriis wertilebi miiReba A  wertilis traeqtoriis yvela werti-

lis erTi da imave mudmivi AB  gadaadgilebiT. cxadia, es traeqtoriebi erT-

maneTs daemTxveva, Tu erTs meoreze davadebT. 

 

 

 

  

  

 

 

 

 

          nax. 9.3                                    nax. 9.4 

 

 (9.2.1) toloba gavawarmooT droiT da miviRebT: 

                      
 

A B
d ABdr dr

dt dt dt
  . 

magram  
 

, , 0A B
A B

d ABdr dr
v v

dt dt dt
   , amitom 

    
A Bv v . 

am ukanaskneli tolobis gawarmoebiT vRebulobT: 
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       A B
A B

dv dv
w w

dt dt
   . 

amgvarad, sxeulis or A  da B  wertils drois yovel momentSi toli 

siCqareebi da toli aCqarebebi aqvT. es wertilebi Cven SevarCieT nebismierad, 

amitom SegviZlia davaskvnaT: gadataniTi moZraobisas sxeulis yvela wertils 

erTnairi traeqtoriebi, erTnairi siCqareebi da erTnairi aCqarebebi aqvT.  

damtkicebuli Teoremidan gamomdinareobs, rom sxeulis gadataniTi moZ-

raobisas Tu ganvsazRvreT misi romelime erTi wertilis moZraoba, amiT 

gansazRvruli gveqneba mTeli sxeulis moZraoba. miviReT, rom gadataniTi 

moZraobisas sxeulis moZraobis Seswavla daiyvaneba wertilis moZraobis Ses-

wavlaze.  

miviReT: sxeulis gadataniTi moZraobis kanonis dasadgenad sakmarisia 

vicodeT misi erTi nebismeri wertilis moZraobis kanoni. 

advilad mtkicdeba, rom Tu myari sxeulis or nebismier A  da B  wer-

tils erTnairi siCqare aqvT, maSin sxeuli moZraobs gadataniT. amis 

dasamtkiceblad 
A Bv v  toloba unda gadavweroT A Bdr dr  saxiT da Semdeg 

integrirebiT miiRebT, rom es wertilebi erTnairi kanoniT moZraoben. 

kargad davimaxsovroT: sxeulis siCqarisa da aCqarebis cnebebi ar ar-

sebobs. rodesac laparakia sxeulis siCqaresa da aCqarebaze, am dros igu-

lisxmeba sxeulis gadataniTi siCqare da gadataniTi aCqareba. aragadataniTi 

moZraobisas sxeulis wertilebs, zogadad, sxvadasxva siCqare da sxvadasxva 

aCqareba aqvs.  

 

9.3. myari sxeulis brunva uZravi RerZis garSemo.  

kuTxuri siCqare da kuTxuri aCqareba 

gansazRvra. myari sxeulis brunva uZravi RerZis garSemo ewodeba iseT 

moZraobas, romlis drosac sxeulis (an masTan uZravad dakavSirebuli) ori 

wertili mTeli moZraobis ganmavlobaSi uZravi rCeba. uZrav wertilebze ga-

maval wrfes brunvis RerZi ewodeba. 

absoluturad myari sxeulis gansazRvridan gamomdinareobs, rom  brun-

vis RerZis yvela wertili uZravia, xolo danarCeni wertilebi moZraobs wre-

wirebze, romelTa sibrtyeebi brunvis RerZis marTobia, centrebi ki brunvis 

RerZze mdebareobs. 

brunvis RerZze gavataroT uZravi   naxevarsibrtye da sxeulTan mkvid-

rad dakavSirebuli 1  naxevarsibrtye (nax. 9.4) (cxadia, 1  naxevarsibrtye ib-

runebs sxeulTan erTad). sxeulis mdebareoba drois nebismier momentSi cal-

saxad iqneba ganazRvruli, Tu gvecodineba   kuTxe, romelsac moZravi 1  

naxevarsibrtye adgens uZrav   naxevarsibrtyesTan.   kuTxes CavTvliT da-

debiTad, Tu misi aTvla xdeba uZravi naxevarsibrtyidan saaTis isris brunvis 

sawinaaRmdego mimarTulebiT (im damkvirveblisTvis, romelic iyureba brunvis 
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RerZis dadebiTi bolodan). imisaTvis, rom vicodeT sxeulis mdebareoba 

drois nebismier momentSi, unda vicodeT   kuTxe, rogorc drois funqcia, e.i.  

                         f t  ,                                     (9.3.1) 

sadac   izomeba radianebiT.  

(9.3.1) gantoleba gamosaxavs uZravi RerZis garSemo sxeulis brunviTi 

moZraobis gantolebas (kanons). 

sxeulis brunviTi moZraobis ZiriTadi kinematikuri maxasiaTeblebia   
kuTxuri siCqare da   kuTxuri aCqareba. SevTanxmdeT, rom   da   asoebiT 

aRvniSnavT kuTxuri siCqarisa da kuTxuri aCqarebis rogorc ricxviT mniS-

vnelobas, ise maT modulebs, Tu, cxadia, es ar gamoiwvevs gaugebrobas. 

SemoviRoT sxeulis kuTxuri siCqaris cneba. vTqvaT, 
1t t t    drois Su-

aledSi sxeuli Semobrunda 
1      kuTxiT. t   fardobas vuwodoT sa-

Sualo kuTxuri siCqare da Tu mas aRvniSnavT saS -Ti, maSin 

     
t








saS . 

gansazRvra. saS -s zRvars, roca 0t  , vuwodoT sxeulis kuTxuri 

siCqare. aRvniSnoT igi   asoTi, maSin 

                          
0

lim
t

d

t dt

 





 


.                           (9.3.2) 

miviReT: sxeulis kuTxuri siCqare drois mocemul momentSi udris mob-

runebis kuTxis warmoebuls droiT. Tu sxeuli brunavs saaTis isris brunvis 

sawinaaRmdego mimarTulsbiT, maSin 0  , winaaRmdeg SemTxvevaSi 0.   

kuTxuri siCqaris ganzomilebaa 11 T T  . mis erTeulad miRebulia rad/wm 

an rac igivea – 1/wm, vinaidan radiani uganzomilebo sididea. 

gansazRvra. sxeulis veqtoruli kuTxuri siCqare ewodeba iseT   veq-

tors, romlis moduli udris  -s da mimarTulia brunvis RerZis gaswvriv im 

mimarTulebiT, saidanac sxeulis brunva Cans saaTis isris brunvis sawina-

aRmdego mimarTulebiT (nax. 9.5). aseTi veqtori gansazRvravs kuTxuri siCqaris 

moduls, brunvis RerZs da brunvis mimarTulebas am RerZis gaswvriv.  

ganvsazRvroT kuTxuri aCqareba, romelic axasiaTebs kuTxuri siCqaris 

cvlilebas drois mixedviT. vTqvaT, 
1t t t    drois SualedSi kuTxuri siC-

qare icvleba 
1      sididiT, maSin saSualo skalaruli kuTxuri aCqa-

rebis ricxviTi mniSvneloba iqneba t   saS .  

gansazRvra. saS -s zRvars, roca 0t  , vuwodoT sxeulis kuTxuri 

aCqareba. aRvniSnoT igi   asoTi, maSin 

                
2

20
lim
t

d d

t dt dt

  





  


.                             (9.2.3) 
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miviReT: sxeulis kuTxuri aCqareba drois mocemul momentSi udris  

kuTxuri siCqaris warmoebuls an mobrunebis kuTxis meore rigis warmoebuls 

droiT.  

kuTxuri aCqarebis ganzomilebaa 2 21 T T  . mis erTeulad miRebulia 

rad/wm 2  an rac igivea – 1/wm 2 .  

im SemTxvevaSi, roca kuTxuri siCqaris moduli drois mixedviT izrdeba, 

sxeulis brunva aCqarebulia, Tu iklebs – Senelebuli. aCqarebuli brunvis 

dros   da   sidideebs erTnairi niSnebi aqvT, xolo Senelebulis dros – 

sxvadasxva. 

gansazRvra. sxeulis veqtoruli kuTxuri aCqareba vuwodoT iseT  

                           

d

dt


                                     (9.3.4) 

veqtors, romelic mimarTulia brunvis RerZis gaswvriv. roca   da   si-

dideebs erTnairi mimarTulebebi aqvT, maSin brunva aCqarebulia, xolo roca 

sxvadasxva – Senelebuli. 

davamtkicoT metad mniSvnelovani Teorema: uZravi RerZis garSemo brun-

vis dros sxeulis yvela wertils erTnairi kuTxuri siCqare da erTnairi 

kuTxuri aCqareba aqvs. 

 

 

 

a)                b) 

 

 

 

 

 

 

 

 

               nax. 9.5                                nax. 9.6 

 

damtkiceba. brunvis RerZze gavataroT sxeulTan mkvidrad dakavSire-

buli 
2  naxevarsibrtye (nax. 9.4). mis mier 1  naxevarsibrtyesTn Sedgenili 

kuTxe aRvniSnoT  -Ti, maSin 
2 -is mier  -sTan Sedgenili kuTxe iqneba  

                             .                                (9.3.5) 

1  da 
2  erT da imave sxeulTan mkvidrad dakavSirebuli naxevarsibr-

tyeebia, amitom isini erTmaneTis mimarT ar gadaadgildebian. amgvarad, 

const  .  

(9.3.5) toloba gavawarmooT droiT da miviRebT: 

  



156 
 

                         
d d d

dt dt dt

  
  .                              (9.3.6) 

d dt  da d dt  Sesabamisad 
2  da 1  naxevarsibrtyeebSi mdebare wer-

tilebis kuTxuri siCqareebia. aRvniSnoT isini 
2  da 1 -iT. vinaidan 0d dt  , 

amitom 

                    2 1
2 1 2 1

d d

dt dt

 
        .  

Cven 
2  naxevarsibrtye aviReT nebismierad, amitom vRebulobT, rom sxe-

ulis yvela wertils erTnairi kuTxuri siCqare da erTnairi kuTxuri aCqareba 

aqvs. amiT Teorema damtkicebulia.  

9.4. Tanabari da Tanabarcvladi brunva 

 gansazRvra. brunvas ewodeba Tanabari, Tu mTeli moZraobis ganmav-

lobaSi sxeulis kuTxuri siCqare ar icvleba, e.i. const  . davuSvaT, rom 

roca 
ot t , maSin 

o  . Tu moviqceviT zustad ise, rogorc moviqeciT $8.7-Si, 

(9.3.2) formulidan miviRebT: 

                      o ot t     .                                  (9.4.1) 

kerZod,              0o ot t     ,                            (9.4.2) 

                       0o ot t     ,                                                                    (9.4.3)                                                      

                     0o ot t     .                            (9.4.4)    

gansazRvra. brunvas ewodeba Tanabarcvladi, Tu mTeli moZraobis gan-

mavlobaSi sxeulis kuTxuri aCqareba ar icvleba, e.i. const  . davuSvaT, rom 

roca 
ot t , maSin ,o o     . Tu moviqceviT zustad ise, rogorc moviqeciT 

$8.8-Si, (9.3.3) formulidan miviRebT: 

                            o ot t     ,                                 (9.4.5) 

                        
21

2
o o o ot t t t        .                      (9.4.6)  

am formulebs aqvT bevri kerZo SemTxveva. magaliTad, roca 0o ot   , ma-

Sin 

                     o t    ,                                      (9.4.7) 

                    21

2
ot t    .                                                                                      (9.4.8)     

roca   brunva TanabarSenelebulia, maSin  

                    o t    ,                                      (9.4.9) 

                    21

2
ot t    .                                                                                      (9.4.10)     

davuSvaT, rom drois raime SualedSi Tanabari brunvisas sxeulma 

Seasrula n bruni. maSin 2 n  aris gansaxilvel drois SualedSi sxeulis 



157 
 

mier Semowerili kuTxe, e.i. 2 n  . Tu n aris drois erTeulSi Sesrule-

buli brunTa ricxvi, maSin 2 n  aris sxeulis kuTxuri siCqare, e.i. 2 n  . 

aRsaniSnavia, rom n aqvs kuTxuri siCqaris ganzomileba.   

 

9.5. wertilis moZraoba wrewirze 

 

      zemoT (ix. $9.4) aRvniSneT, rom uZravi RerZis garSemo brunvisas abso-

luturad myari sxeulis wertilebi moZraoben wrewirebze, amitom mizanSewo-

nilad migvaCnia wertilis wrewirze moZraobis gamokveTilad Seswavla.  

vTqvaT, M  wertili moZraobs R  radiusian wrewirze (nax. 9.6). miviRoT, 

rom wrewiris A  wertili aTvlis wertilia, maSin wrewirze M  wertilis 

mdebareoba calsaxad ganisazRvreba AM  rkaliT. Tu am rkalis sigrZes aRv-

niSnavT s -iT, xolo AOM  kuTxis sidides -   asoTi, maSin  

                           s R .                                     (9.5.1) 

(9.5.1) warmoadgens wertilis wrewirze moZraobis bunebriv gantolebas. 

gavawormooT (9.4.1) toloba droiT, miviRebT: 

                   ; ,
ds d ds d

R v
dt dt dt dt

 
     => 

                          v R .                                     (9.5.2) 

miviReT: wrewirze moZraobisas wertilis skalaruli siCqare udris 

wrewiris radiusisa da skalaruli kuTxuri siCqaris namravls. 

veqtoruli siCqaris gansazRvridan gamomdinareobs, rom v  veqtori 

mdebareobs traeqtoriis M  wertilze gamaval mxebze. 

gavawarmooT (9.5.2) toloba droiT, miviRebT: 

                   ; ,
dv d dv d

R w
dt dt dt dt

 
     => 

                           w R .                                    (9.5.3) 

miviReT: wrewirze moZraobisas wertilis skalaruli aCqareba udris 

wrewiris radiusisa da skalaruli kuTxuri aCqarebis namravls. 

ganvixiloT mxebi da normaluri aCqarebebis gamosaTvleli (8.7.5) for-

mulebi. gavixsenoT, rom wrewirisaTvis R   da miviRebT: 

                      
dv d

w R R
dt dt

     ,                             (9.5.4) 

                     
 

22
2

n

Rv
w R

R





   .                              (9.5.5) 

nw  normaluri aCqareba yovelTvis mimarTulia wrewiris centrisken, am-

itom mas centriskenul aCqarebas uwodeben. 

w -s modulisaTvis (9.5.4) da (9.5.5) formulebi gvaZleven: 

                   2 2 2 4

nw w w R      .                            (9.5.6) 
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aRvniSnoT w  veqtoris mier mTavar normalTan Sedgenili kuTxe  -Ti 

da advilad miviRebT: 

                          
2

n

w
tg

w

 



  .                               (9.5.7) 

 

9.6. uZravi RerZis garSemo mbrunavi sxeulis wertilebis 

siCqare. eileris formula 

 

ganxilul paragrafebSi davadgineT uZravi RerZis garSemo mbrunavi sxe-

ulis, rogorc erTi mTliani obieqtis, kinematikuri maxasiaTeblebi – ku-

Txuri siCqare da kuTxuri aCqareba, e.i. ganvixileT myari sxeulis kinematikis 

pirveli ZiriTadi amocana. gadavideT kinematikis meore ZiriTad amocanaze – 

SeviswavloT calkeuli wertilis moZraoba. 

gamovTvaloT brunvis RerZidan d  manZiliT daSorebuli M  wertilis 

skalaruli siCqare (nax. 9.7). radganac wertili moZraobs RerZis marTob sib-

rtyeSi mdebare wrewirze, romlis centri mdebareobs brunvis RerZze, amitom 

(9.4.1) formulis Tanaxmad   

                           v d .                                   (9.6.1) 

v  siCqares kuTxurisgan gansxvavebiT, xazovan siCqares an wriul siC-

qaresac uwodeben. misi gamomsaxveli veqtori mdebareobs brunvis RerZis 

marTob sibrtyeSi. 

 

 

 

 

 

 

 

 

  

 

  

          Nnax. 9.7                              nax. 9.8 

 

brunvis RerZis nebismieri O  wertilidan gavavloT r OM  radius-veq-

tori. nax. 9.7-dan sind r   da (9.6.1) formula aseT saxes miiRebs: 

   sinv d r    . 

meore mxriv       sinr r    . 
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rogorc vxedavT, v r  , e.i. r  veqtoruli namravlis moduli ud-

ris M  wertilis v  veqtoruli siCqaris moduls. advilad davrwmundebiT, 

rom r  da v  veqtorebs erTnairi mimarTuleba da erTnairi ganzomileba 

aqvT. amgvarad,  

                           v r  .                                (9.6.2) 

miviReT: uZravi RerZis garSemo mbrunavi sxeulis nebismieri wertilis 

veqtoruli siCqare udris sxeulis veqtoruli kuTxuri siCqarisa da RerZis 

nebismieri wertilis mimarT am wertilis radius-veqtoris veqtorul nam-

ravls.  

(9.6.2) tolobas eileris formula ewodeba. 

gamovTvaloT   veqtoris veqtoruli momenti M  wertilis mimarT. vi-

gulisxmoT, rom   modebulia O  wertilSi da gveqneba: 

                oM MO MO OM r             . 

                          ov M  .                                  (9.6.3) 

miviReT: uZravi RerZis garSemo sxeulis brunvis dros nebismieri M  

wertilis veqtoruli siCqare udris   veqtoruli kuTxuri siCqaris veqto-

rul moments M  wertilis mimarT. 

   veqtoris gegmilebi dekartis koordinatTa RerZebze aRvniSnoT 
x ,

y ,
z -iT, O  wertilis koordinatebi - , ,o o ox y z -iT, xolo M  wertilisa - , ,x y z -

iT. maSin r  radius-veqtoris gegmilebi RerZebze tolia ,ox x ,oy y
oz z -is 

(igulisxmeba, rom O  wertili ar aris koordinatTa saTave). davagegmiloT 

(9.6.2) toloba RerZebze, miviRebT: 

                      ,x y o z ov z z y y      

                     y z o x ov x x z z     ,                             (9.6.4) 

                     z x o y ov y y x x     . 

ganvixiloT kerZo SemTxvevebi.  

a) brunvis RerZi gadis koordinatTa saTaveze da es wertili aris O .  

am SemTxvevaSi 0o o ox y z    da (9.6.4) aseTi saxiT CaiCereba: 

            
x z yv y z   ,   

y z xv x z   ,   
z x yv y x   .              (9.6.5) 

b) brunvis RerZi z  RerZis paraleluria, maSin 0x y   , amitom (9.5.4) 

ase gadaiwereba: 

            x ov y y   ,    y ov x x  ,   0zv  ,                    (9.6.6) 

sadac z  . 

g) brunvis RerZi emTxveva z  RerZs, amitom 0o o o x yx y z        da 

               , , 0.x y zv y v x v                                     (9.6.7)   
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             9.7.  uZravi RerZis garSemo mbrunavi sxeulis 

wertilebis aCqareba 

gamovTvaloT brunvis RerZidan d  manZiliT daSorebuli M  wertilis 

aCqareba (nax. 9.7). visargebloT (9.5.4) da (9.5.5) formulebiT, romlebic am SemT-

xvevaSi aseT saxes miiRebs: 

                        2, nw d w d    .                              (9.7.1.) 

nw  normaluri aCqareba yovelTvis mimarTulia MC  radiusis gaswvriv 

brunvis RerZisaken (nax. 9.8). w
 mxebi aCqareba sxeulis aCqarebuli brunvisas 

mimarTulia mxebis gaswvriv wertilis moZraobis mimarTulebiT, xolo Sene-

lebuli brunvisas – sawinaaRmdegod. 

M  wertilis sruli aCqareba  

                         2 4w d    .                                (9.7.2) 

wrewiris radiusidan w  veqtoris   gadaxris kuTxe gamoiTvleba Sem- 

degi formuliT:  

                         
2

n

w
tg

w

 



  .                            (9.5.7) 

gavawarmooT (9.5.2) toloba droiT, miviRebT: 
dv d dr

r
dt dt dt




   
      
   

  <=> 

                         w r v       =>                           (9.7.3) 

                      , nw r w v      .                            (9.6.4) 

(9.7.3) formula gansazRvravs uZravi RerZis garSemo mbrunavi sxeulis  

wertilis veqtorul aCqarebas. 

(9.6.1), (9.7.1), (9.7.2) da (9.5.7) formulebis gamoyenebiT SegviZlia ganvsazR-

roT uZravi RerZis garSemo mbrunavi sxeulis nebismieri wertilis siCqare da 

aCqareba. CamoTvlili formulebidan gamomdinareobs, rom uZravi RerZis gar-

Semo sxeulis brunvis dasaxasiaTeblad sakmarisia vicodeT erTi damoukide-

beli   sidide.  

aRsaniSnavia, rom Tu viciT erTi romelime wertilis moZraoba, maSin 

imave formulebiT SegviZlia gavigoT nebismieri meore wertilis moZraoba da 

agreTve mTliani sxeulis moZraobis maxasiaTeblebi. 

 

9.8. meToduri miTiTebebi amocanebis amosaxsnelad 

 

uZravi RerZis garSemo myari sxeulis brunvasTan dakavSirebiT amocane-

bi SeiZleba davyoT or ZiriTad tipad.  

pirveli tipis amocanebSi mocemulia myari sxeulis brunvis gantoleba 

da moiTxoveba kuTxuri siCqaris, kuTxuri aCqarebis da sxeulis wertilis siC-
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qarisa da aCqarebis gansazRvra. amocana sasurvelia amovxsnaT Semdegi Tan-

mimdevrobiT: 

1. koordinatTa sistemas virCevT iseTnairad, rom erT-erTi RerZi, ker-

Zod z  RerZi, daemTxves brunvis RerZs; 

2. vadgenT myari sxeulis brunvis gantolebas, e.i. mobrunebis kuTxis 

damokidebulebas droze;  

3. mobrunebis kuTxis gawarmoebiT droiT gavigebT brunvis RerZze ku-

Txuri siCqaris gegmils; 

4. mobrunebis kuTxis meored gawarmoebiT droiT gavigebT brunvis Re-

rZze kuTxuri aCqarebis gegmils; 

5. gansazRvruli kuTxuri siCqaris saSualebiT gavigebT wertilis siC-

qares da normalur aCqarebas.  

6. gansazRvruli kuTxuri aCqarebis saSualebiT gavigebT wertilis mxeb 

aCqarebas; 

7. mxebi da normaluri aCqarebebis saSualebiT vsazRvravT wertilis 

sruli aCqarebis sididesa da mimarTulebas. 

meore tipis amocanebSi cnobilia myari sxeulis kuTxuri siCqare an 

kuTxuri aCqareba da moiTxoveba myari sxeulis brunvis gantolebis, werti-

lis siCqarisa da aCqarebis gansazRvra. amocana sasurvelia amovxsnaT Semdegi 

TanmimdevrobiT: 

1. brunvis RerZze kuTxuri aCqarebis gegmilis gamomsaxveli diferen-

cialuri gantolebis integrirebiT gavigebT kuTxuri siCqaris gegmils; sa-

integro mudmivs ganvsazRvravT sawyisi pirobebiT;  

2. brunvis RerZze kuTxuri siCqaris gegmilis gamomsaxveli diferen-

cialuri gantolebis integrirebiT gavigebT brunvis gantolebas; saintegro 

mudmivs ganvsazRvravT sawyisi pirobebiT;  

3. ukve gansazRvruli kuTxuri siCqaris gegmilis saSualebiT gavigebT 

wertilis siCqares da normalur aCqarebas.  

4. kuTxuri aCqarebis saSualebiT gavigebT wertilis mxeb aCqarebas; 

5. mxebi da normaluri aCqarebebis saSualebiT vsazRvravT wertilis 

sruli aCqarebis sididesa da mimarTulebas. 

amocana 9.1. 1 mrudmxaras brunvis Sedegad 2 cocias gadataniT moZra-

obaSi mohyavs 3 kulisa (nax. 9.9). kulisis moZraobis kanonia 20,4 0,1sinAx t  . 

gansazRvreT kulisis  B  wertilis siCqare, roca t =2 wm-s.  

amoxsna. radganac kulisa moZraobs gadataniT, amitom mis yvela wer-

tils erTnairi siCqare aqvs => Bv = Av = 20,2 cosx t t  . roca t =2, maSin  Bv        

= 0,2 2cos4  = 0,4cos229,3 =0,4 cos49 18 0,4 0,6521  =0,26084 0,261. 

pasuxi. 0,261. 
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       nax. 9.9                                  nax. 9.10. 

  amocana 9.2.  ABCD  kvadratuli firfita asrulebs gadataniT moZra-

obas Oxy  sibrtyeSi (nax. 9.10). gansazRvreT C  wertilis aCqareba, Tu A  werti-

lis normaluri aCqareba 
Anw =4 m/wm 2 , xolo B  wertilis mxebi aCqareba 

Bw  =3 

m/wm 2 .    

amoxsna. radganac kulisa moZraobs gadataniT, amitom mis yvela wer-

tils erTnairi aCqareba aqvs => C Bw w  =3 m/wm 2  da  Cn Anw w =4 3 m/wm 2  => Cw

=5 m/wm 2 . 

pasuxi. 5 m/wm 2 .  

amocana 9.3.  gansazRvreT kuTxuri siCqare: 1. wamis isris; 2. wuTis is-

ris; 3. saaTis isris; 4. dedamiwis brunvisa Tavisi RerZis garSemo im pirobiT, 

rom igi erT srul bruns 24 saaTis ganmavlobaSi asrulebs; 5. lavalies orT-

qlis turbinis brunvis, romelic wuTSi asrulebs 15000 bruns.    

amoxsna. saaTis samive isari, dedamiwa da lavalies orTqlis turbina 

brunaven Tanabrad. amasTan, wamis isari erT srul Semobrunebas andomebs 60 

wams, wuTis isari – 60 60 =3600 wams, saaTis isari - 60 60 12  =43200 wams, xolo 

dedamiwa - 60 60 24  =86400 wams. gansazRvris Tanaxmad,  

1. wamis isrisaTvis 2 60 0,1047    rad/wm; 

2. wuTis isrisaTvis 2 3600 0,001745    rad/wm; 

3. saaTis isrisaTvis 2 43200   0,0001454 rad/wm;   

4. dedamiwisaTvis  2 86400 0,0000727   rad/wm; 

      5. turbina drois erTeulSi, kerZod wuTSi, asrulebs 15000n   bruns, 

amitom  2 15000 6,28 94200n      rad/wT=1570 rad/wm. 

amocana 9.4. lilvi  uZraobis mdgomareobidan  iwyebs  TanabaraCqarebul 

brunvas. pirvel 5 wamSi igi asrulebs 12,5 bruns. rogoria lilvis kuTxuri 

siCqare 5 wamis bolos? [64]  

amoxsna. gamoviyenoT (9.4.7) da (9.4.8) formulebi: o t    , 21
.

2
ot t     

pirobis Tanaxmad, 0 0   da 5 wamis Semdeg n t   =12,5  2 = 25  rad, amitom                

5  , 25 25 2   => 10  rad/wm.          

pasuxi.  10  rad/wm.  
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amocana 9.5.NZravis gamorTvis momentidan 1200n   br/wT-is Sesabamisi 

kuTxuri siCqariT mbrunavi TviTmfrinavis propelerma gaCerebamde Seasrula 

160 bruni. ra dro gavida Zravis gamorTvidan propeleris gaCerebamde, Tu 

vigulisxmebT, rom propeleris brunva TanabarSenelebulia? [64] 

  amoxsna.AgamoviyenoT (9.4.9) da (9.4.10) formulebi: o t    , 0 t  

20,5 .t  pirobis Tanaxmad, 
0 1200 2   =2400  rad/wT= 40  rad/wm, 0   da   = 

= n t = 80  2 = =160  rad, amitom 0 40 t   , 2160 40 2t t     => t =8 wm. 

pasuxi. 8 wm. 

amocana 9.6. nax. 9.11-ze gamosaxul meqanizmSi BC  sauRlis Sua A  wer-

tili moZraobs TanabaraCqarebulad. am wertils mxebi aCqareba Aw  =5 m/wm 2 . 

sauRlis sigrZe 1BC   m, xolo mrudmxarasi - 50OB DC   sm. sawyis momentSi 

OB  Rero horizontalur mdebareobaSia, xolo kuTxuri siCqare udris nuls. 

gaigeT A  wertilis traeqtoria, mrudmxaras kuTxuri siCqare da kuTxuri aC-

qareba da B  wertilis siCqare da aCqareba.   

 amoxsna. nax. 9.11-dan uSualod vRebulobT: 

cos 0,5cosBx OB     m,  0,5sinBy   m => 0,5sinB

d
x

dt


  = 0,5 sin  , 

0,5 cosBy     =>                     

                        0,5Bv   m/wm,                                 (a)         

sadac 
OBd dt    .  

Ax OE EF  =0,5cos 0,5  m, 0,5sinAy   m   =>   
2 20,5 0,25A Ax y   . 

BC  sauRle moZraobs gadataniT, amitom 5B Aw w    m/wm 2 . meore mxriv  

0,5 0,5B Bw dv dt d dt      (
OB  )  => 5 0,5  =>  =10 rad/wm 2  => 

0 t    , 

0 =0 => 10t   rad/wm. es mniSvneloba SevitanoT (a)-Si, miviRebT: 0,5 10Bv t  =   

=5t  m/wm. gamovTvaloT 2

Bn Bw v OB =  
2

5 0,5t =50 2t  m/wm 2 , maSin  2 2

B nw w w  =         

=  
225 50t = 45 1 100 t  m/wm 2 . 

pasuxi.   
2 20,5 0,25A Ax y   ;  10OB t   rad/wm;   =10 rad/wm 2 ;  5Bv t  m/wm;  

45 1 100Bw t   m/wm 2 .                                                                                                                              

amocana 9.7. AB  wrfe moZraobs naxazis sibrtyeSi (nax. 9.12). drois ro-

meliRac momentSi A  wertilis Av  siCqare AB  wrfesTan adgens 60 -ian kuT-

xes da udris 18 m/wm. B wertilis siCqaris mimarTuleba am momentSi AB  wrfis 

mimarTulebas emTxveva. gansazRvreT B  wertilis siCqare. 

amoxsna. grashofis Teoremis Tanaxmad,  

gegm  AB Av =gegm  AB Bv   <=> cos60A Bv v   =>  0,5 18Bv   =9 m/wm. 

pasuxi. 9 m/wm. 
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amocana 9.8. (brunviTi moZraobis gadacema erTi sxeulidan meoreze 

Rvedis gamoyenebiT). 
1 1O B r -radiusiani borbali 1 Tanabrad brunvisas wuTSi 

asrulebs n bruns (nax. 9.13). igi usasrulo RvediT dakavSirebulia 2 2O C r -

radiusian borbal 2-Tan, romelic Tavis mxriv mkvidrad aris dakavSirebuli 

2 3O A r -radiusian borbal 3-Tan. gansazRvreT borbali 3-is A  wertilis siC-

qare da aCqareba.     

 

 

                 

 

  

 

 

 

           

 

 

          nax. 9.11                              nax. 9.12 

 

amoxsna. igulisxmeba, rom Rvedi uWimaria, amtom mis yovel wertils aqvs 

erTnairi siCqare, e.i. 
B Cv v  <=> 

1 1 2 2r r  , sadac 1  da 
2  1 da 2  borblebis 

kuTxuri siCqareebia. gvaqvs: 

                     1 2

2 1

r

r




   => 1

2 1

2

r

r
  .                             (a) 

miviReT: usasrulo RvediT SeerTebuli borblebis kuTxuri siCqareebi 

ukuproporciulia maTi radiusebisa. 

roca brunvaTa ricxvi wuTSi aris n , maSin kuTxuri siCqare  =2 n  

rad/wT= 30n  rad/wm. Cven SemTxvevaSi 
1 2 n   rad/wT = 30n  rad/wm, amitom 

1
2

2

2
r

n
r

  rad/wT = 1

230

rn

r


 rad/wm.  

borbali 3 borbal 2-Tan mkvidrad aris dakavSirebuli, amitom 
3 =

2 .  

pirobis Tanaxmad, brunva Tanabaria, amitom kuTxuri siCqare mudmivia, 

maSin 2 3Av r = 1
3

2

2
r

n r
r

  (wuTebSi) = 1
3

230

rn
r

r


 (wamebSi) da 2

2 3Aw r =
2

2 2 1
32

2

4
r

n r
r

  (wu-

TebSi) = 
22 2

1
32

2900

rn
r

r


 (wamebSi)   ( 0Aw   ,  A Anw w ).  
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           nax. 9.13                           nax. 9.14 

 

pasuxi. 2 3Av r = 1
3

2

2
r

n r
r

  (wuTebSi) = 1
3

230

rn
r

r


 (wamebSi);  2

2 3Aw r =           

=
2

2 2 1
32

2

4
r

n r
r

  (wuTebSi) = 
22 2

1
32

2900

rn
r

r


 (wamebSi). 

amocana 9.9 . (brunviTi moZraobis gadacema erTi sxeulidan meoreze 

kbilana Tvlebis saSualebiT). siCqaris reduqtori, romlis daniSnulebaa 

erTi lilvidan meore lilvze brunvis gadacemisas Secvalos kuTxuri siCq-

aris sidide, Sedgeba oTxi kbilana Tvalisagan. es Tvlebi brunaven uZravi 

RerZebis garSemo. Tvlebs aqvT kbilanebis Semdegi odenoba: 1 =12, 2 =72,      

3 =10. II  lilvi akeTebs 100 br/wT, xolo I  lilvma unda gaakeTos 5400 br/wT 

(nax. 9.14). gaigeT meoTxe Tvalis kbilanebis ricxvi.     

amoxsna. pirobis Tanaxmad, II  lilvis brunviTi moZraoba unda gadaeces 

I  lilvs. amasTan dakavSirebiT, II  lilvs wamyvani ewodeba, xolo I  lilvs – 

amyoli.  

imisaTvis, rom ori kbilanas modeba ganxorcieldes, unda Sesruldes 

Semdegi piroba: 
1 1 2 22 2r r     => 1 2 1 2r r   . 

2 r
h




  sidides, romelic aris Tvlis fersos sigrZis fardoba kbila-

nebis ricxvTan, gadacemis ricxvi ewodeba.  

Tu gaviTvaliswinebT wina amocanaSi miRebul 
1 2 2 1r r    tolobas, gveq-

neba: ori kbilana Tvlis modebisas, adgili aqvs Semdeg Tanafardobas: 

                    1 2 2 2

2 1 1 1

r D

r D

 

 
   .  

Cveni amocanis pirobebSi (ix. nax. 9.14) 1 2

2 1

 

 
  da 3 4

4 3

 

 
 . magram 2 da 3 

Tvlebi saerTo RerZze arian mkvidrad damagrebuli, amitom 2 3  . maSin 

                31 2 4

2 4 1 3

  

   
   => 1 3 1

4

2 4

  


 
 . 
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amocanis pirobis Tanaxmad, 2 4  = 2 100  =200  rad/wT, 
1 2 5400   =   

10800  rad/wT da sabolood miviRebT: 4 =
12 10 10800

72 200


 =90. 

pasuxi. 90. 

 

 

 

 

 

 

  


