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                     X Tavi 
myari sxeulis brtyelparaleluri moZraoba 

gansazRvra. moZraobas, romlis drosac sxeulis yvela wertili raime 

uZravi sibrtyis mxolod paralelur sibrtyeebSi moZraobs, an rac igivea, 

manZili sxeulis nebismieri wertilidan raime uZrav sibrtyemde ucvleli 

rCeba, sxeulis brtyelparaleluri moZraoba ewodeba. am moZraobas, ufro 

xSirad, brtyel moZraobas uwodeben.  

      aRvniSnoT uZravi sibrtye 
o -iT (nax. 10.1). sibrtyeebi, romlebSic moZ-

raoben sxeulis wertilebi, cal-calke 
o  sibrtyis paraleluria, amitom isi-

ni erTmaneTis paralelurebic arian. ganvixiloT sxeulTan mkvidrad dakavSi-

rebuli da 
o  sibrtyis marTobi a wrfe.  

 

 

 

 

 

 

 

  

  

 

               nax. 10.1                              nax. 10.2 

                              

vaCvenoT, rom a wrfe moZraobs Tavis Tavis paralelurad, e.i. asru-

lebs gadataniT moZraobas (TviT sxeuli ki, sazogadod, ar moZraobs gada-

taniT). marTlac, vTqvaT, a wrfis AB  monakveTma drois t  SualedSi dai-

kava A B   mdebareoba. ABB A  oTxkuTxedSi AB A B   (sxeuli absoluturad 

myaria!) da AA BB 
 
(wertilebi moZraoben O  sibrtyis paralelur sibrt-

yeebSi), amitom ABB A  oTxkuTxedi paralelogramia, saidanac AB A B  . 

zemonaTqvamidan gamomdinareobs, rom sakmarisia SeviswavloT a wrfis 

mxolod erTi wertilis moZraoba. CavataroT analogiuri msjeloba 
o  sib-

rtyis marTobi da sxeulTan mkvidrad dakavSirebuli sxva wrfeebis mimarTac 

da davaskvniT: myari sxeulis brtyeli moZraobis Sesaswavlad sakmarisia 

SeviswavloT am sxeulis im wertilebis moZraoba, romlebic mdebareobs 
o  

sibrtyis romelime paralelur sibrtyeSi, e.i. im wertilebis moZraoba, rom-

lebic mdebareobs   sibrtyis sxeulTan kveTaSi da qmnis brtyel figuras. 

sibrtyes, romelSic figura mdebareobs, am figuris sakuTari sibrtye 

ewodeba. rogorc vxedavT, brtyeli moZraobis dros sxeulis sivrciTi moZ-
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raobis Seswavla daiyvaneba sakuTar sibrtyeSi brtyeli figuris moZraobis 

Seswavlaze.  

 

10.1. myari sxeulis brtyeli moZraobis gantolebebi. 

Tavisuflebis xarisxi 

vixilavT brtyeli figuris moZraobas sakuTar sibrtyeSi uZrav 1 1 1O x y  

koordinatTa sistemis mimarT. gamoviyvanoT formulebi, romelTa saSualeb-

iT SegveZleba drois nebismier momentSi figuris nebismieri wertilis koor-

dinatebis gageba. nax. 10.2-dan gvaqvs: 

   
1 1 1,x O B y MB  .                          (10.1.1) 

brtyel figurasTan mkvidrad davakavSiroT Axy  koordinatTa sistema, 

romelic, cxadia, imoZravebs figurasTan erTad. A  wertilis koordinatebi 

1 1 1O x y  sistemis mimarT aRvniSnoT ,A Ax y -Ti, maSin  

            
1 1 Ax OC CB x CB    , 

1 Ay BE EM y EM    .           (10.1.2)    

1 1O x  da 1 1O y  RerZebis paralelurad gavataroT Sesabamisad 1Ax da 1Ay 

RerZebi. kuTxe 1Ax da Ax  RerZebs Soris aRvniSnoT  -Ti, xolo kuTxe Ax  

RerZsa da AM  monakveTs Soris -  -Ti. maSin AM  monakveTis mier 1Ax , an 

rac igivea, 1 1O x  RerZTan Sedgenili kuTxe udris   -s. M  wertilidan Ax  

da Ay  RerZebze davuSvaT MK  da MF  marTobebi. AME -dan  

             cosAE AM    ,    sinME AM    .                       (10.1.3) 

magram CB AE , amitom (10.1.2) da (10.1.3) aseT saxes miiReben: => 

       
       1 cosAx x AM     ,  1 sinAy y AM a  

  =>               (10.1.4)    

             1 cos cos sin sinAx x AM AM      , 

             
1 sin cos cos sinAy y AM AM      .                           (10.1.5) 

      AMK -Si cosAM AE x    da sinAM MK y   , sadac x  da y  aris M  

wertilis koordinatebi Axy  sistemaSi. am Sedegebis gaTvaliswinebiT (10.1.5) 

ase Caiwereba: 

                         
1 cos sinAx x x y     

                         
1 sin cosAy y x y    .                           (10.1.6) 

      (10.1.6) aris brtyeli figuris nebismieri wertilis moZraobis gan-

tolebebi 1 1 1O x y
 koordinatTa sistemis mimarT. 

(10.1.6) formulidan gamomdinareobs: Tu cnobilia , , ,A Ax y x y da   sidi-

deebi, maSin cnobilia brtyeli figuris nebismieri wertilis mdebareoba 

drois nebismier momentSi 
1 1O x y  sistemis mimarT. amaTgan x  da y  SegviZlia 

CavTvaloT cnobil sidideebad, vinaidan isini M  wertilis koordinatebia 

brtyel figurasTan mkvidrad dakavSirebul Axy  koordinatTa sistemis 
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mimarT da maTi gageba SegviZlia uSualo gazomviT. cxadia, M  wertilisaT-

vis x  da y  mudmivi sidideebia.  

miviReT: brtyeli figuris erTi nebismieri wertilis, magaliTad, A  

wertilis  koordinatebi  ,A Ax y  da mis garSemo figuris mobrunebis kuTxe   

savsebiT gansazRvravs figuris nebismieri wertilis mdebareobas sakuTar 

sibrtyeSi drois nebismier momentSi. 

vTqvaT, mocemulia 

                        1Ax f t ,  2Ay f t ,   3f t  .                  (10.1.7) 

      (10.1.7) gantolebebs myari sxeulis brtyeli moZraobis gantolebebi 

ewodeba. es gantolebebi brtyeli figuris sakuTar sibrtyeSi moZraobis gan-

tolebebicaa. cxadia, Ax , 
Ay  da   erTmaneTisgan damoukidebeli sidideebia.    

     gansazRvra. im damoukidebeli parametrebis ricxvs, romelTa saSuale-

biT drois nebismier momentSi calsaxad SegviZlia gavigoT moZravi sxeulis 

(wertilis) mdebareoba arCeul koordinatTa sistemis mimarT, sxeulis (wer-

tilis) moZraobis Tavisuflebis xarisxi ewodeba.     

      gansazRvris Tanaxmad, myari sxeulis brtyeli moZraobis (aseve brtyeli 

figuris sakuTar sibrtyeSi moZraobis) Tavisuflebis xarisxi aris sami. 

      SeniSvna 1. brtyeli figuris sakuTar sibrtyeSi moZraobis Seswavlisas 

araviTari mniSvneloba ara aqvs figuris formasa da zomas. 

      2. brtyel figurasTan mkvidrad dakavSirebuli koordinatTa sistemis 

saTaved (Cven SemTxvevaSi A  wertili (nax. 10.1)) SegviZlia aviRoT figuris ne-

bismieri wertili. 

      gansazRvra. brtyel figurasTan mkvidrad dakavSirebuli koordinatTa 

sistemis saTaves polusi ewodeba. 

      SeniSvna 2. Tu cnobilia sxeulis brtyeli moZraobis gantolebebi, e.i. 

(10.1.7) gantolebebi, maSin (10.1.6) formulebiT SegviZlia gavigoT brtyeli fi-

guris nebismieri wertilis mdebareoba. 

 

 

10.2. brtyeli figuris moZraobis daSla gadanatiT  

da brunviT moZraobebad 

 

      vixilavT brtyeli figuris moZraobas   sibrtyeSi uZravi Oxy  koordi- 

natTa sistemis mimarT (nax. 10..3). polusad SevarCioT figuris nebismieri A  

wertili. SeviswavloT figuris nebismieri M  wertilis moZraoba. M  da A  

wertilebis radius-veqtorebi O  saTavis mimarT aRvniSnoT 
Mr  da r  veqtore-

biT. nax. 10.3-dan uSualod miviRebT: 

   
M Ar r r  ,                                (10.2.1) 
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sadac r  aris M  wertilis radius-veqtori A  polusis mimarT. A  polusze 

gavataroT Ax da Ay RerZebi Sesabamisad Ox  da Oy  RerZebis paralelurad. 

kuTxe Ax da r  veqtors Soris aRvniSnoT   asoTi.  

      davamtkicoT Semdegi Teorema (Salis Teorema): brtyeli figuris yove-

li gadaadgileba sakuTar sibrtyeSi SegviZlia ganvixiloT rogorc raime 

polusTan erTad gadataniT da am polusis garSemo brunviTi moZraobebis er-

Toblioba. 

      damtkiceba. davuSvaT, rom const  , maSin r  gaxdeba mudmivi veqtori (is 

aerTebs absoluturad myari sxeulis or wertils, amitom r const ), ris ga-

moc AM r  veqtori Tavis Tavis paralelurad gadaadgildeba. magram M  da 

A  wertilebi nebismierad arCeuli wertilebia, amitom brtyeli figuris sa-

kuTar sibrtyeSi moZraobisas masSi nebismierad aRebuli wrfis monakveTi 

gadaadgildeba Tavis Tavis paralelurad, e.i. brtyeli figura asrulebs 

gadataniT moZraobas. 

 

 

 

 

 

 

 

 

                 nax. 10.3                             nax. 10.4 

     axla davuSvaT, rom r consr . am SemTxvevaSi A  polusi aris uZravi. vi-

naidan r const , amitom brtyeli figuris M  wertili moZraobs wrewirze A  

polusis garSemo. radganac M  wertili SerCeulia nebismierad, amitom sabo-

lood vRebulobT: brtyeli figuris sakuTar sibrtyeSi moZraobisas yoveli 

wertili moZraobs wrewirze A  polusis garSemo. es ki imas niSnavs, rom 

brtyeli figura A  polusis garSemo brunavs. amiT Teorema damtkicebulia. 

      aRsaniSnavia, rom brtyeli moZraobis Semadgenel moZraobebad daSli-

sas, ara aqvs mniSvneloba maT Tanmimdevrobas: SegviZlia figura jer gadavi- 

tanoT da mere movabrunoT polusis garSemo da piriqiT, jer movabrunoT da 

mere gadavitanoT. 

 

10.3. gadataniTi da brunviTi moZraobebis damokidebuleba 

polusis arCevaze. kuTxuri siCqare da kuTxuri aCqareba brtyeli 

 moZraobis dros 

      wina paragrafSi aRvniSneT, rom polusad SegviZlia avirCioT brtyeli 

figuris nebismieri wertili. axla gavarkvioT, rogor aris damokidebuli 
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polusis arCevaze brtyeli figuris moZraobis Semadgeneli  - gadataniTi da 

brunviTi moZraobebi? 

      ganvixiloT brtyeli figuris moZraoba sakuTar sibrtyeSi Oxy  koor-

dinatTa sistemis mimarT (nax. 10.4). vTqvaT, M  figuris nebismieri wertilia 

da polusad arCeuli gvaqvs A  wertili. avirCioT axal polusad figuris ne-

bismieri 1A  wertili. sazogadod, 
1A Av v  da 

1A AW W ; winaaRmdeg SemTxvevaSi 

figuris or nebismierad arCeul wertils eqnebodaT erTnairi siCqare da 

erTnairi aCqareba, rac imas niSnavs, rom moZraoba iqneboda gadataniTi.  

      miviReT: brtyeli figuris gadataniTi moZraoba damokidebulia polu-

sis arCevaze. 

      axla ganvixiloT figuris brunviTi moZraoba. A  wertilze gavataroT 

Ox  RerZis paraleluri Ax RerZi, xolo A  wertilze - Ax  RerZi. aseve ga-

vataroT AM  wrfis paraleluri 
1A B  wrfe. SemoviRoT aRniSvnebi: MAx    

1MAx   , 1BA M  
 cxadia, rom  

                             
1    .                                  (10.3.1) 

       1BA M    mudmivia, vinaidan misi gverdebi absoluturad myari sxe-

ulis wertilebs aerTebs. gavawarmooT (10.3.1) toloba, miviRebT:  

                    1 1
1 1

d dd d

dt dt dt dt

  
          .          (10.3.1)           

       A  da 1A  polusebi nebismieradaa SerCeuli, amitom yoveli polusis mi-

marT brtyeli figura brunavs erTnairi kuTxuri siCqariTa da erTnairi kuT-

xuri aCqarebiT.  

      miviReT: polusis garSemo brunviTi moZraoba ar aris damokidebuli 

polusis arCevaze. 

      SevexoT veqtorul kuTxur siCqaresa da veqtorul kuTxur aCqarebas. 

vinaidan moZraoba xdeba erT sibrtyeSi, amitom   veqtori mimarTulia po-

lusze gamavali da figuris sakuTari sibrtyisadmi marTobi RerZis gaswvriv 

ise, rom misi isris bolodan figuris brunva unda Candes saaTis isris 

brunvis sawinaaRmdego mimarTulebiT.   veqtoruli kuTxuri aCqarebis mi-

marTuleba emTxveva   veqtoris mimarTulebas, roca brunva aCqarebulia, 

xolo Tu brunva Senelebulia – mis sawinaaRmdegod aris mimarTuli. vinaidan 

  da   veqtorebi ar arian damokidebuli polusis arCevaze, amitom isini 

SegviZlia movdoT figuris nebismier wertilSi, e.i.   da   Tavisufali 

veqtorebia. 

      im SemTxvevaSi, roca sxeulis brtyeli moZraoba Seiswavleba iseTi 

Oxyz  koordinatTa sistemis mimarT, romlis Oxy  sibrtye emTxveva figuris 

sibrtyes, maSin  

                      0, 0, , 0, 0,x y z x y z             ,                (10.3.2) 

sadac  ,       . 
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      zemoTqmulidan gamomdinareobs, rom   da   veqtorebi asec SegviZlia 

CavweroT:    0,0, , 0,0,    . 

 

 

 

10.4. brtyeli figuris wertilebis siCqaris gansazRvra 

 

vixilavT brtyeli figuris moZraobas sakuTar sibrtyeSi, romelic em-

Txveva uZrav 
1 1 1 1O x y z  koordinatTa sistemis 1 1 1O x y  sibrtyes (nax. 10.5). gamoviy-

vanoT figuris nebismieri wertilis siCqaris ganmsazRvreli formula.  

      nax. 10.5-dan vRebulobT:  

                               
M Ar r r  ,                                  (10.4.1) 

sadac r const . gavawarmooT es toloba droiT, miviRebT:  

                              M Adr dr dr

dt dt dt
  .                         (10.4.2) 

 

 

 

 

 

  

 

 

          nax. 10.5                                 nax. 10.6 

      

Mdr

dt
 aris M  wertilis siCqare 1 1 1O x y  koordinatTa sistemis mimarT. aRv-

niSnoT igi Mv -iT. Adr

dt
 aris A  wertilis siCqare imave koordinatTa sistemis 

mimarT. aRvniSnoT igi Av -Ti. 
dr

dt
 warmoadgens M  wertilis siCqares brtyeli 

figuris A  polusis garSemo brunvis dros (vinaidan r const ), ris gamoc M  

wertili moZraobs A  centris mqone wrewirze. aRvniSnoT igi 
MAv v br -Ti. ma-

Sin (10.4.2) aseT saxes miiRebs:  

                      
M A MA Av v v v v    br .                          (10.4.3)     

      cxadia, rom 

                      ,MA MAv MA v MA   ,                         (10.4.4) 

sadac   figuris kuTxuri siCqarea.  
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(10.4.3) formulidan gamomdinareobs: brtyeli figuris nebismieri wer-

tilis siCqare geometriuli jamia polusis siCqaris da wertilis im siCqa-

risa, romelic mas aqvs polusis garSemo figuris brunvisas. 

rogorc viciT, wertilis brunviTi siCqare gamoiTvleba eileris for-

muliT (ix. $9.6), amitom  

                            MAv v AM  br ,                           (10.4.5) 

sadac   figuris veqtoruli kuTxuri siCqarea. (10.4.3) da (10.4.5) formulebi 

gvaZlevs:  

                    M Av v AM   .                              (10.4.6)     

brtyel figurasTan mkvidrad davakavSiroT Axy  koordinatTa sistema.  

veqtoris gegmilebi uZrav RerZebze aRvniSnoT 
1 1
,M x M yv v -iT, xolo moZrav Re-

rZebze - ,M x Myv v -iT. analogiurad aRvniSnoT Av  veqtoris gegmilebic: 
1Axv , 

1Ayv  

da Axv , 
Ayv -iT. advilad miviRebT, rom uZrav koordinatTa sistemaSi AM  veq-

toris gegmilebia 1M Ax x , 1M Ay y , xolo moZrav sistemaSi - ,M Mx y .   veq-

toris gegmilebia 0,0, . maTematikaSi cnobili veqtoruli namravlis Cawera 

Cveni SemTxvevisTvis gvaZlevs:  

       

   
1 1 1

1 1 1 1

1 1

0 0

0

MA M A M A

M A M A

i j k

v AM i y y j x x

x x y y

            

 

,      (10.4.7) 

sadac 1 1 1, ,i j k  uZravi RerZebis ortebia. 

      analogiurad miviRebT moZrav koordinatTa sistemis mimarTac: 

             

0 0

0

MA M AM

M M

i j k

v AM i y j x

x y

             ,                  (10.4.8)                    

sadac , ,i j k  moZravi RerZebis ortebia.  

      (10.4.7) da (10.4.8) gamosaxulebebis gaTvaliswinebiT (10.4.6) davagegmiloT 

uZrav da moZrav RerZebze. Sesabamisad miviRebT:  

                  
1 1 1 11 1,Mx Ax M A My Ay M Av v y y v v x x         ,                (10.4.9)   

               
,Mx Ax M My Ay Mv v y v v x       .                             (10.4.10)                                              

Tu gavigebT 
1Mxv  da 

1Myv  gegmilebs, maSin                                                                                                                                                                                                              

1

1 1

1

2 2 ,
My

M Mx My

Mx

v
v v v arctg

v
   ,                               (10.4.11) 

sadac   aris Mv  veqtoris mier 1Ox RerZTan Sedgenili kuTxe.        

      analogiurad miviRebT:   
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                2 2 ,
My

M Mx My

Mx

v
v v v arctg

v
   ,                               (10.4.12) 

sadac  aris Mv  veqtoris mier Ox RerZTan Sedgenili kuTxe.        

      sazogadod, brtyeli figuris wertilebis siCqareebis gansazRvra zemoT 

moyvanili formulebiT sakmaod rTul gamoTvlebTanaa dakavSirebuli, amitom 

sasurvelia veZeboT ufro martivi meTodebi. erT-erT aseT meTods ganvixi-

lavT momdevno paragrafSi. 

 

 

10.5. siCqareTa myisi centri 

 

gavecnoT brtyeli figuris wertilebis siCqareebis gamoTvlis meore 

meTods, romelic dafuZnebulia siCqareTa myisi centris cnebaze. 

     gansazRvra. brtyeli figuris im wertils, romlis siCqare drois mo-

cemul momentSi nulis tolia, siCqareTa myisi centri ewodeba. 

      Teorema. Tu brtyeli figuris moZraoba sakuTar sibrtyeSi aragadata-

niTia, maSin drois yovel momentSi arsebobs siCqareTa myisi centri da mas-

Tan, mxolod erTi. 

      damtkiceba. davuSvaT, rom drois mocemul momentSi brtyeli figuris 

ori nebismieri A  da B  wertilis Av  da Bv  siCqareebi ar aris erTmaneTis pa-

raleluri (amiT figuris gadataniT moZraoba gamoiricxa). aRvmarToT A  da 

B  wertilebidan siCqareebisadmi marTobebi da maTi gadakveTis wertili aRv-

niSnoT P  asoTi (nax. 10.6). davamtkicoT, rom 0Pv  . davuSvaT sawinaaRmdego: 

0Pv  . maSin grashofis Teoremis Tanaxmad  

         AP Pvgegm =gegm  AP Av ,    gegm  BP Pv =gegm  BP Bv   =>  

         gegm  AP Pv =0,  gegm  BP Pv =0  =>  Pv AP   da  Pv BP . 

      miviReT, rom Pv  veqtori erTdroulad marTobia ori urTierTgadam-

kveTi wrfisa, rac SeuZlebelia, amitom 0Pv  . axla vaCvenoT, rom P  werti-

li erTaderTi myisi centria. davuSvaT sawinaaRmdego: arsebobs figuris ki-

dev erTi 1P  wertili, romlis siCqare 
1

0Pv   drois mocemul momentSi. maSin 

gvaqvs: gegm  
1AP Av =0 da gegm  

1 1AP Pv =0, saidanac gamomdinareobs: an 0Av   an 

1Av AP . magram sinamdvileSi arc erTs ara aqvs adgili, amitom 
1

0Pv  . amgva-

rad, drois mocemul momentSi mxolod P  wertilis siCqarea nulis toli. 

Teorema damtkicebulia. 

      Teorema (bernuli-Salis): brtyeli figuris sakuTar sibrtyeSi moZra-

obisas drois yovel momentSi figuris wertilebis siCqareebi isea ganawile-

buli, TiTqos adgili aqvs mxolod brunvas siCqareTa myisi centris garSemo. 
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      damtkiceba. brtyeli figuris nebismieri A  wertilis Av   siCqaris gamo-

saTvlelad gamoviyenoT (10.4.6) formula da miviRebT (nax. 10.6): 

                       A Kv v KA   ,                                   (10.5.1) 

sadac K  polusia. axal polusad avirCioT P  siCqareTa myisi centri. maSin 

(10.4.6) formulis Tanaxmad  

  A Pv v PA   .                              (10.5.2) 

      drois mocemul momentSi 0Pv  , amitom (10.5.2) aseT saxes miiRebs: 

                          Av PA  .                                 (10.5.3) 

     A  wertili nebismieradaa SerCeuli, amitom Teorema damtkicebulia.  

       

 

      (10.5.3) formulidan gamomdinareobs ( , ,...A Bv PA v PB  ,), rom  

                      ,A Bv PA v PB      da a.S.        =>             (10.5.4)    

                      A A B

B

v v vPA

v PB PA PB
   .                             (10.5.5)  

      miviReT: brtyeli figuris wertilebis siCqareebi proporciulia siCqa-

reTa myisi centridan wertilebis manZilebisa.  

zemoT miRebuli Sedegebidan SegviZlia gavakeToT Semdegi daskvnebi: 

1. Tu viciT brtyeli figuris ori wertilis siCqareebis mimarTulebe-

bi, maSin am wertilebidan Sesabimisi siCqareebisadmi aRmarTuli marTobebis 

gadakveTis wertili iqneba siCqareTa myisi centri.  

2. Tu viciT brtyeli figuris nebismieri A  wertilis Av  siCqare,  xo-

lo meore B  wertilis siCqaris mxolod mimarTuleba, vipoviT ra P  siC-

qareTa myis centrs, Semdeg (10.5.5) formuliT gavigebT B  wertilis siCqaris 

moduls. 

3. (10.5.4) formulidan vRebulobT: 

                             A Bv v

PA PB
   .                                 (10.5.6)  

       -s gasagebad gamoviyvanoT (10.5.6)-sgan gansxvavebuli formula. (10.4.3) 

da (10.4.4) tolobebidan gamomdinareobs: Tu B da C  brtyeli figuris werti-

lebia, maSin B C BCv v v   da 
BCv BC   => BC BC B Cv v v v    da 

BCv BC   =>  

B CBC v v      => 

                           
 B CB C

v vv v

BC BC


 
  .                        (10.5.7) 

roca C  wertili emTxveva siCqareTa myis centrs, maSin 0Cv   da (10.5.7) -dan 

miviRebT: Bv BC  , e.i. (10.5.7) formula gadavida (10.5.6) formulaSi. 
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10.6. siCqareTa myisi centris gansazRvris 

zogierTi kerZo SemTxveva 

     brtyeli figuris siCqareTa myisi centris mosanaxad wina paragrafSi 

gavecaniT martiv meTods, romelic dafuZnebulia ori nebismieri wertilis 

siCqareebis mimarTulebis codnaze. gavecnoT zogierT sxva SemTxvevasac.  

 

 

 

 

            nax.10.7                   nax. 10.8 

      1. vTqvaT, Tvali srialis gareSe migoravs uZrav zedapirze (nax. 10.7). ze-

dapirTan saerTo  Sexebis  wertilis siCqare  drois yovel momentSi nulis  

tolia, amitom uZrav zedapirTan Sexebis wertili aris siCqareTa myisi cen-

tri. 

      2. vTqvaT, drois mocemul momentSi figuris ori nebismieri A  da B  

wertilis Av  da Bv  siCqareebi erTmaneTis paraleluria da ar arian marTobi 

AB  wrfisa (nax. 10.8). grashofis Teoremis Tanaxmad, 

            gegm  AB Av =gegm  AB Bv    <=>   cos cosA Bv v    =>  
A Bv v . 

      analogiur Sedegs miviRebT figuris yvela wertilisTvis. amgvarad, 

figuris yvela wertils drois yovel momentSi aqvs erTnairi siCqare (da 

erTnairi aCqareba), e.i. TiTqos adgili aqvs gadataniT moZraobas. am SemTxve-

vaSi vambobT, rom adgili aqvs figuris myis-gadataniT moZraobas.  

      (10.6.7) formulis Tanaxmad,  

                              
0

0
B Cv v

BC BC



   . 

 

      Tu siCqareTa myis centrs aRvniSnavT P  asoTi, maSin 0BPB v  , e.i. am 

SemTxvevaSi siCqareTa myisi centri usasrulobaSi mdebareobs. 

 

     a)                   b)     

 

  

 

   

                 nax. 10.9                              nax. 10.10 
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      3. vTqvaT, drois mocemul momentSi figuris ori nebismieri A  da B  

wertilis Av  da Bv  siCqareebi arian erTmaneTis paraleluri da AB  wrfis 

marTobebi (nax. 10.9, a da b). am SemTxvevaSi siCqareTa myisi centri arsebobs 

da igi ase moiZebneba: Av  da Bv  siCqareebis veqtorebis  boloebze gavatarebT 

wrfes AB  wrfis gadkveTamde da am ori wrfis gadakveTis wertili iqneba 

siCqareTa myisi centri, raSic gvarwmunebs (10.5.6) toloba. Tu ganxilul SemT-

xvevaSi 
A Bv v = Bv , maSin siCqareTa myisi centri usasrulobaSi mdebareobs. 

      4. vTqvaT, viciT brtyeli figuris   kuTxuri siCqare da misive nebis-

mieri B  wertilis Bv  siCqare (nax. 10.10). viciT, rom siCqareTa myisi centri 

mdebareobs B  wertilidan Bv  veqtoris marTobulad aRmarTul wrfeze da 

Tu mas aRvniSnavT P  asoTi, gveqneba:  

                              
BPB v  .                                   (10.6.1) 

 

10.7. brtyeli figuris wertilebis aCqarebis gansazRvra 

 

      brtyeli figuris nebismieri M  wertilis siCqaris gasagebad $10.4-Si 

gamoviyvaneT Semdegi formula: 

                        
M A MA Av v v v v    br ,                          (10.7.1) 

sadac Av  aris A  polusis siCqare, xolo 
MAv v braris M  wertilis is siC-

qare, romelic mas aqvs polusis garSemo figuris brunvis dros.  

       (10.7.1) gavawarmooT droiT, miviRebT: 

                      M A MA Adv dv dv dv dv

dt dt dt dt dt
   

br

.                       (10.7.2) 

      aCqarebis gansazRvris Tanaxmad, M
M

dv
w

dt
 , A

A

dv
w

dt
 , MA

MA

dv
w

dt
 =

dv

dt

br

=wbr  

da (10.7.2) aseTi saxiT Caiwereba: 

                  
M A MA Aw w w w w    br ,                         (10.7.3) 

      miviReT: brtyeli figuris nebismieri wertilis aCqareba geometriuli 

jamia polusis aCqarebis da wertilis im aCqarebisa, romelic mas aqvs po-

lusis garSemo figuris brunvis dros.  

      Mw  aCqarebis moduli da mimarTuleba gamoiTvleba Aw  da 
MAw  veqto-

rebze, rogorc gverdebze, paralelogramis agebiT (nax. 10.11). magram aCqarebis 

gagebis es gza moiTxovs sakmaod rTul gamoTvlebs, amitom ufro xelsayre-

lia 
MAw  aCqarebis daSla 

MAw  mxeb da n

MAw  Semdgenebad (nax. 10.12). maSin (10.7.3) 

aseT saxes miiRebs: 

                     n

M A MA MAw w w w   .                           (10.7.4) 

      
n

MAw  veqtori yovelTvis mimarTulia MA -s gaswvriv M -dan A  wertili-

saken. 
MAw  veqtori mimarTulia AM  monakveTis marTobulad brunvis mxares, 



191 
 

Tu brunva aCqarebulia (nax. 12,a), da brunvis sawinaaRmdegod – Tu brunva 

Senelebulia (nax. 12,b). cxadia,  

                    
MAw w AM

   br ,  2n

MA nw w AM  br     => 

  2 4 2,MAw AM tg        ,                       (10.7.5) 

sadac   da   figuris kuTxuri siCqare da kuTxuri aCqarebaa, xolo   kuT-

xea 
MAw  veqtorsa da AM  monakveTs Soris. 

      Tu A  polusis moZraoba mrudwirulia, maSin Aw  aCqarebas davSliT 
Aw  

da n

Aw  Semdgenebad da (10.7.4) ase gadaiwereba: 

                n n

M A A MA MAw w w w w     .                           (10.7.6) 

 

  a)                   b) 

 

 

  

 

 

 

         nax. 10.11                                    nax. 10.12 

 

      Tu M  wertilis moZraoba mrudwirulia da viciT traeqtoria, maSin 

Mw  aCqarebas davSliT w  da 
n

Mw  Semdgenebad da yvelaze zogadi SemTxvevi- 

saTvis gveqneba:        

                    .      n n n

M M A A MA MAw w w w w w                           (10.7.7) 

 

10.8. brtyeli moZraobis ZiriTadi kinematikuri maxasiaTeblebi. 

zogadi miTiTebebi amocanebis amosaxsnelad 

 

      myari sxeulis brtyelparalelur moZraobis Seswavlisas miRebuli Se-

degebidan gamomdinareobs, rom Tu viciT polusis siCqare da aCqareba ( A  

polusis SemTxvevaSi Av  da Aw ), polusis garSemo brunviTi moZraobis   ku-

Txuri siCqare da   kuTxuri aCqareba, maSin SegviZlia gamovTvaloT sxeulis 

nebismieri wertilis siCqare da aCqareba. amgvarad, CamoTvlili oTxi sidide 

sxeulis brtyeli moZraobis ZiriTadi kinematikuri maxasiaTeblebia. 

rasakvirvelia, amocanis amoxsna unda daviwyoT am sidideebis gansazRvriT. 

      mogvyavs zogierTi zogadi mosazreba amocanebis amoxsnasTan dakavSi-

rebiT. myari sxeulis brtyeli moZraobis dros sxeulis kuTxuri siCqaris an 

misi wertilebis siCqaris gasagebad unda vicodeT sxeulis kveTis erTi ne-

bismieri wertilis siCqare da meore wertilis siCqaris mimarTuleba (gamo-

naklis warmoadens $10.6-Si ganxiluli pirveli da meore SemTxvevebi).  Sesas- 
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wavli meqanizmi unda gamovsaxoT naxazze im mdebareobaSi, romlisTvisac mo-

iTxoveba maxasiaTeblebis gansazRvra. gamoTvlebis dros unda gvaxsovdes, 

rom siCqareTa myisi centris cneba dakavSirebulia konkretul myar sxeul-

Tan. ramdenime sxeulisagan (rgolisagan) Semdgar meqanizmSi, yovel araga-

dataniT moZrav sxeuls  drois mocemul  momentSi sakuTari siCqareTa myisi 

centri da sakuTari kuTxuri siCqare aqvs.  

      myari sxeulis brtyelparalelur moZraobasTan dakavSirebuli amoca-

nebidan Cven ganvixilavT Semdegi ZiriTadi tipis amocanebs:  

      1. myari sxeulis brtyelparaleluri moZraobis (brtyeli figuris moZ-

raobis) gantolebebis Sedgena;  

      2. brtyeli figuris wertilebis siCqareebis gansazRvra;  

      3. brtyeli figuris wertilebis aCqarebebis gansazRvra. 

      brtyeli figuris nebismieri M  wertilis koordinatebi uZrav 1Ox  da 

1Oy  koordinatTa RerZebze gamoiTvleba Semdegi formulebiT (ix. (10.1.6) for-

mulebi): 

                        
1 cos sinM A M Mx x x y    , 

                        
1 sin cosM A M My y x y    ,  

sadac Mx  da 
My  aris M  wertilis koordinatebi moZrav Axy  koordintTa 

sistmaSi, xolo Ax  da 
Ay   A  polusis koordinatebia (nax. 10.2). 

      brtyeli figuris wertilebis siCqareebis gamosaTvlelad SegviZlia 

gamoviyenoT analizuri, grafoanalizuri da grafikuli meTodebi (xerxebi). 

grafikul meTods ar ganvixilavT, vinaidan am TavSi ganxiluli sakiTxebis 

garda dagvWirdeba damatebiTi masalis Seswavla.  

      analizuri meTodiT brtyeli figuris nebismieri M  wertilis siCqaris 

gasagebad unda vicodeT brtyeli figuris moZraobis gantolebebi (ix. (10.1.7) 

formulebi): 

                     1x f t ,   2Ay f t ,   3f t  .                          

      uZrav 1Ox  da 1Oy  koordinatTa RerZebze wertilis siCqaris gegmilebi    

gamoiTvleba Semdegi formulebiT (ix. (10.4.9) formulebi): 

                  
1 1 1Mx Ax M Av v y y   ,    

1 1 1My Ay M Av v x x   , 

xolo moZrav Ax  da Ay  RerZebze ki –  

                 
Mx Ax Mv v y    =

1 1
cos sinAx Ay Mv v y     , 

                 
My Ay Mv v x    =

1 1
sin cosAx Ay Mv v x      . 

       grafoanalizuri meTodi Tavis mxriv iyofa or xerxad. erTi eyrdnoba                                  

                             M Av v AM    

formulis, xolo meore, siCqareTa myisi centris cnebis gamoyenebas. 
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      Sexsenebis mizniT aRvniSnavT, rom xSirad wertilis siCqare martivad 

gamoiTvleba kinematikis ZiriTadi Teoremis (grashofis Teoremis) gamoyene-

biT. 

      brtyeli figuris wertilebis siCqareebis gamoTvlasTan SedarebiT bev-

rad Sromatevadia wertilebis aCqarebebis gamoTvlis Semcveli amocanebis 

amoxsna. gvxvdeba sxvadasxva Taviseburebebis mqone Zalian saintereso amoca-

nebi, romelTa amoxsnasac konkretuli midgoma sWirdeba. Cven gavecnobiT zo-

gierT maTgans. 

      pirvel rigSi aRvniSnoT, rom brtyeli figuris wertilebis siCqareeb- 

is gansazRvris msgavsad, aCqarebebis gansazRvris SemTxvevaSic gvaqvs anali-

zuri, grafoanalizuri da grafikuli meTodebi.  

      analizuri meTodis gamoyenebisas brtyeli figuris nebismieri M  wer-

tilis aCqarebis gegmilebi uZrav 1Ox  da 1Oy  koordinatTa RerZebze gamoiTv-

leba Semdegi formulebiT: 

                    
1 1

2

Mx Ax M A M Aw w y y x x                             

                    
1 1

2

My Ay M A M Aw w x x y y      ,                       (10.8.1) 

xolo moZrav RerZebze –  

                 2

Mx Ax M Mw w y x      ,                                 (10.8.2)      

                 2

My Ay M Mw w x y      .  

       brtyeli figuris wertilebis aCqarebebis gamosaTvlelad grafoana-

lizuri meTodis gamoyeneba emyareba Semdeg formulas: 

                     
M A MA MAw w w w  

cbr ,                                   (10.8.3)     

sadac 
MAw MA br ,  2

Mw MA 
c . am meTodis gamoyeneba maSin SegviZlia, roca 

viciT erTi wertilis aCqareba (polusis),   da  . mokled, es meTodi kargia, 

roca viciT   kuTxe rogorc drois funqcia. 

      gafrTxilebis mizniT: ar unda avurioT erTmaneTSi a) wertilis nor-

maluri aCqareba (
nw ) da polusis garSemo brunvis centriskenuli aCqareba    

(
MAw
c ), b) wertilis mxebi aCqareba (w ) da polusis garSemo brunviTi moZra-

obis aCqareba (
MAwbr ). 

      Tu drois mocemul momentSi cnobilia brtyeli figuris nebismieri 

wertilis siCqare da aCqareba da meore nebismieri wertilis traeqtoria, 

SegviZlia ganvsazRvroT figuris nebismieri wertilis aCqareba. zog SemT-

xvevaSi meore wrtilis traeqtoriis nacvlad sakmarisia vicodeT siCqareTa 

myisi centris mdebareoba. 

      amocana 10.1. wrfivi mimmarTvelebis gaswvriv mosriale A  da B  quro-

ebi erTmaneTTan SeerTebulia l  sigrZis AB  ReroTi (nax. 10.13). A  quro moZ-

raobs mudmivi v siCqariT. dawereT AB  Reros moZraobis gantolebebi, Tu vi-

gulismebT, rom A  quro iwyebs moZraobas O  wertilidan. polusad miiReT A  

wertili. BOA kuTxe udris   .    
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      amoxsna. pirobis Tanaxmad, A  quro moZraobas iwyebs O  wertilidan 

mudmivi v siCqariT, amitom OA vt . AOC -dan cos cosAx OC OA vt       ;  
Ay = 

= AC = sinvt  .  = DAB ABO   ; ABC -dan sin sinAC AB l    => sin sinvt l   => 

sin sin /vt l   =>  arcsin sinvt l  .  

      pasuxi.  cosAx vt   ,  sinAy v t  ,   arcsin sinvt l  . 

     amocana 10.2. AB  Reros A  bolo srialebs wrfivi mimmarTvelis gaswv-

riv mudmivi v  siCqariT, amasTan moZraobis dros Rero eyrdnoba D  wkirs 

(nax. 10.14). dawereT AB  Rerosa da misi bolo B  wertilis moZraobis ganto-

lebebi. Reros sigrZe udris l -s. D  wkiri imyofeba mimmarTvelis zemoT H  si-

maRleze. moZraobis dasawyisSi Reros A  bolo emTxveoda uZravi koordinat-

Ta sistemis O  saTaves; OM a . polusad miiReT A  wertili.       

     amoxsna. amocanis pirobis Tanaxmad, A  wertili  moZraobas iwyebs O  

wertilidan mudmivi v  siCqariT, amitom Ax =OA= vt  da 
Ay =0 => AM OM OA  = 

=a vt . ADM -dan tg DM AM  =  H a vt  =>    
22cos a vt H a vt     , sin =  

=  
22H H a vt  . ABC -dan cosAC AB  =    

22l a vt H a vt   , BC =           

= sinAB  =  
22Hl H a vt   => Bx OA AC  =    

22/vt l a vt H a vt    , 
By = BC =          

=  
22sinAB Hl H a vt    ,   tg H a vt    =>   arctg H a vt   . 

      pasuxi. , 0A Ax vt y  ,   arctg H a vt   ; Bx =    
22

Bx vt l a vt H a vt     , 

By =  
22Hl H a vt  . 

 

 

 

 

 

 

 

            nax. 10.13                                  nax. 10.14    

 

     amocana 10.3. R  radiusis kbilanas SigniT mgoravi r  radiusis kbilana 

moZraobaSi moyavs uZravi kbilanas O  RerZis garSemo   kuTxuri siCqariT 

Tanabrad mbrunavi OA mrudmxaras (nax. 10.15). roca t =0, maSin  =0. SeadgineT 

moZravi kbilanas moZraobis gantolebebi, Tu polusad miviRebT A  centrs.O   

      amoxsna. pirobis Tanaxmad, mrudmxara brunavs Tanabrad, amitom t  . 

AOD -dan cosAx OA  =  cosR r t ,  sinAy R r t  . sawyis momentSi A  werti-

li imyofeboda Ox  RerZze. Nnax. 10.15-is mixedviT, OA  mrudmxara brunavs sa-
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aTis isris brunvis sawinaaRmdego mimarTulebiT, ris gamoc patara kbilana 

brunavs sawinaaRmdego mimarTulebiT. naxazze mocemuli mrudmxarasa da pa-

tara kbilanas ganlagebis Sesabamisi drois momentisaTvis kbilana A  polu-

sis garSemo Semobrunda EAM  kuTxiT. aRvniSnoT am kuTxis sidide 1 -iT. ga-

vigoT es kuTxe. cxadia, kbilanas SemTxvevaSi sriali gamoricxulia, amitom 

rkali 
oCM udris rkal CM -s, romelic Tavis mxriv CE  da EM  rkalebis ja-

mia => (geometriidan cnobilia, rom wriuli rkalis sigrZe udris Sesabamisi 

centruli kuTxis sididisa da radiusis namravls)   1R r      => 1 =     

=      1 1R r R r t      . 

      pasuxi. Ax =  cosR r t ,  sinAy R r t  , 1 =   1R r t  ; niSani minusi ima-

ze migviTiTebs, rom  kbilana brunavs mrudmxaras brunvis sawinaaRmego mimar-

TulebiT. 

 

 

 

 

 

 

 

 

 

 

                       nax. 10.15                                 nax. 10.16 

 

     amocana 10.4. O  RerZis garSemo  =2 rad/wm mudmivi kuTxuri siCqariT 

mbrunavi OB  Rero amoZravebs AD  Reros, romlis A  da C  wertilebi moZra-

obs Sesabamisad horizontalur Ox  da vertikalur Oy  RerZebze (nax.10.16). 

gansazRvreT AD  Reros D  wertilis siCqare, roca 45  , da ipoveT am wer-

tilis traeqtoriis gantoleba, Tu AB OB BC CD   =12 sm.    

      amoxsna. pirobis Tanaxmad, 2BAO BOA t t       rad/wm. ADE -dan   

cos 12cosDx OE CD     , 36sinDy   => 
2 2

1
12 36

D Dx y   
    

   
. 

siCqaris  gansazRvris  Tanaxmad,  D
Dx

dx
v

dt
 =  12cos

d

dt
 = 12sin

d

dt


 =           

12 sin   = 12 2sin 45 12 2     sm/wm;  36sinD
Dy

dy d
v

dt dt
  =36 2 sm/wmD  =>      

Dv = 2 2

Dx Dyv v =    
2 2

12 2 36 2  = 53,66 sm/wm.AN  
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      pasuxi. Dv =53,67 m/wm;    
2 2

1
12 36

D Dx y   
    

   
.  

      amocana 10.5. (fergiusonis paradoqsi) 1O  centris garSemo mbrunav 
1 3O O  

Reroze damagrebulia sami erTmaneTTan gadabmuli 
1 2,r r  da 

3 1r r  radiusis I, II 

da III Tvalis RerZebi. I Tvali uZravia. gansazRvreT III Tvalis moZraoba, Tu 

Rero brunavs   kuTxuri siCqariT. 

      amoxsna. 
2O  da 

3O  Reros wertilebia, amitom 
2 1 2v OO   =  1 2r r   , 3v =   

=
1 3OO  =  1 22 r r   .  

      vTqvaT, A  aris I da II Tvlebis Sexebis wertili. I Tvali uZravia, amit-

om A  aris II Tvalis siCqareTa myisi centri => 
2 2v r   . B -Ti aRvniSnoT  II 

da III Tvlebis Sexebis wertili, amitom 
22Bv r   =

22v =  1 22 r r   . miviReT, rom 

III Tvalis or B  da 
3O  wertils aqvs erTnairi  1 22 r r    siCqare. aqedan ga-

momdinareobs, rom III Tvalis yvela wertils erTnairi siCqare aqvs. am 

SemTxvevaSi vambobT, rom sxeuli asrulebs myis-gadataniT moZraobas. 

      pasuxi. III Tvali asrulebs myis-gadataniT moZraobas  1 22 r r   siCqa-

riT. 

      amocana 10.6. nax. 10.18–ze mocemuli 
1OABO  oTxrgoliani meqanizmis mde-

bareobaSi gansazRvreT misi K  wertilis siCqare, Tu 20 sm sigrZis OA  

rgols am momentSi aqvs  =2 rad/wm kuTxuri siCqare. K  wertili 
1BO  Reros 

Sua wertilia.OO  

      amoxsna. OA mrudmxara brunavs Tanabrad, amitom 
Av OA  =2  20=40 sm/wm. 

Av  veqtori marTobia OA  mrudmxarasi da AB  barbacasTan adgens 30 -ian kuT-

xes. B  wertilis Bv  siCqare AB  mrudmxarasTan adgens 30 -ian kuTxes. grasho-

fis Teoremis Tanaxmad, gegm  AB Av =gegm  AB Bv  <=> cos30Av = cos30Bv  => 
B Av v = 

=40 sm/wm. K  wertili 
1BO  mrudmxaras Sua wertilia, amitom 

Kv = / 2Bv =20 

sm/wm.A 

      pasuxi. 20 sm/wm.         

 

 

  

 

 

 

 

 

                    nax. 10.17                                 nax. 10.18  
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      amocana 10.7. ori paraleluri AB  da CD  kbilana Klartya modebaSia R  

radiusis kbilana TvalTan (nax.10.19,a). AB  lartya moZraobs 
1v , xolo CD  

lartya - 2v  siCqariT (  2 1v v . gansazRvreT Tvalis   kuTxuri siCqare, misi 

O  centris ov  siCqare da P  siCqareTa myisi centri Semdeg SemTxvevebSi: 

      1. roca lartyebi moZraoben erTi mimarTulebiT,  

      2. roca meore lartya moZraobs marcxniv.     

     amoxsna. 1. roca M  da N  wertilebi erTi mimarTulebiT moZraoben,  ma-

Sin kbilanas siCqareTa myisi centris mosaZebnad unda vipovoT M  da N  wer-

tilebsa da maTi siCqareebis 
1Mv v  da 

2Nv v  veqtorebis boloebze  gamavali 

wrfeebis gadakveTis P  wertili. nax. 10.19,b-dan kargad Cans, rom P  wertili 

M  da N  wertilebis gareT mdebareobs. saZiebeli ov  wertilis siCqaris si-

dide MNKL  trapeciis Suaxazis tolia, e.i.  1 2 2ov v v  .  

      gavigoT PN . samkuTxedebis msgavsebidan: 
2 1PN PM v v  =>  2PN PN R = 

= 2 1v v  =>   2 1 22 /PN Rv v v  .  maSin   2v PN   =>   
2v PN  =  2 1 2 2/ 2v v v Rv =      

=  1 2 2v v R ,  OP R PN  =  2 1 22 /R Rv v v  =    1 2 1 2R v v v v   

      2. roca M  da N  wertilebi sxvadasxva mxares moZraoben, maSin P  wer-

tili M  da N  wertilebs Soris mdebareobs (nax. 10.19,g). ganvsazRvroT PN . 

advilad miviRebT: 
2 1PN PM v v  =>  2PN R PN = 2 1v v => PN =  2 1 22 /Rv v v . ma- 

Sin 2v PN   =>  1 2 2v v R   .  

     gavigoT OP R PN  =    1 2 1 2R v v v v  . gamovTvaloT 
ov OP  =             

=   1 2 2v v R      1 2 1 2R v v v v  =  1 2 2v v .                                 

     pasuxi. 1. 1 2

2

v v

R



  ,  1 2

2
o

v v
v


 ,  1 2

1 2

v v
OP R

v v





;   

             2. 1 2

2

v v

R



  ,  1 2

2
o

v v
v


 ,  1 2

1 2

v v
OP R

v v





. 

      kuTxuri siCqaris minusi niSani imaze migviTiTebs, rom kbilana brunavs 

saaTis isris brunvis Tanxvedrili, e.i. uaryofiTi mimarTulebiT.  

     amocana 10.8. R =0,5 m radiusis Tvali usrialod goravs gzis wrfiv 

ubanze (nax. 10.20). misi centris siCqare mudmivia da udris ov =10 m/wm-s. ipoveT 

Tvalis vertikaluri da horizontaluri diametrebis 
1M , 

2M , 
3M  da 

4M  bo-

loebis siCqareebi da agreTve, gansazRvreT misi kuTxuri siCqare.    

      amoxsna. am amocanidan irkveva, rom Tu viciT Tanabrad moZravi Tvalis 

erTi, kerZod, centris siCqare, SegviZlia gavigoT misi brunvis kuTxuri siC-

qare da nebismieri wertilis siCqare. 
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      uZrav zedapirTan Sexebis 
1M  wertili aris Tvalis siCqareTa myisi cen-

tri, e.i. 
1v =0. maSin 

ov R   => 
ov R  =10/0,5=20 rad/wm. advilad miviRebT: 

3 2v R  =2 ov =20 m/wm; 2 4 2v v R   =14,14 m/wm.  

      pasuxi.  =20 rad/wm; 
1v =0; 2v = 4v =14,14 m/wm; 3v =20 m/wm.  

      amocana 10.9.  L  koWTan uWimari ZafiT dakavSirebuli K  tvirTi eSveba 

vertikalurad qveviT 2x t  m kanoniT (nax. 10.21). L  koWi usrialod goravs 

uZravi horizontaluri relsis gaswvriv. gansazRvreT drois t =1 wm momentSi 

naxazze gamosaxuli  mdebareobisaTvis koWis , , ,C A B O  da E  wertilebis 

siCqareebi. gaigeT, agreTve, koWis kuTxuri siCqare, Tu AD OE , xolo OD =   

= 2 OC =0,2 m.                                                                                                           

 

  a)    b) g) 

 

  

  

 

 

 

 

                                  nax. 10.19                                    

 

      amoxsna. Zafis uWimarobis gamo mis D  da M  wertilebs sididiT toli 

siCqareebi aqvT: 
D M

dx
v v

dt
  =  2 2

d
t t

dt
   m/wm.  roca t =1 wm,  maSin Dv =2 m/wm. C   

wertili aris koWis siCqareTa myisi centri, amitom 
Dv CD   =>  =2/0,1=20 

rad/wm. maSin 
ov CO  =20 0,1=2 m/wm; 

Bv CB  =20 0,2=4 m/wm; 
Av CA  =20  0,3=6 

m/wm; Ev =20  2 20,1 0,2 =20 0,1 5  2 2,236  4,47 m/wm. 

      pasuxi. Cv =0, Av =6 m/wm, Bv =4 m/wm, ov =2 m/wm, Ev =4,47 m/wm,  =20 rad/wm. 

 

 

 

 

 

 

 

  

 

 

              nax. 13.20                          nax. 13.21 
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      amocana 10.10. mrudmxara-barbaca meqanizmis OA r  sigrZis mrudmxara 

brunavs OA  kuTxuri siCqariT (nax. 10.22). barbacas sigrZe AB l . mocemuli   

kuTxisaTvis gansazRvreT: 1) B  cocias siCqare, b) barbacas AB  kuTxuri siC-

qare, 3) barbacas im wertilis mdebareoba, romlis siCqare umciresia.  

      amoxsna. mrudmxara asrulebs mxolod brunviT moZraobas, amitom Av  

veqtori marTobia OA -si da misi moduli Av = OA OA  =
OA r  . B  wertilis Bv  

siCqare mimarTulia BO -s gaswvriv. grashofis Teoremis Tanaxmad,  

            gegm  AB Av =gegm  AB Bv   <=> cos cosA Bv v  .                 (a)                     

      nax. 10.11-dan 90      =>  90      =>  cos sin    . maSin Bv =  

=
cos

cos
Av




  =

 sin

cos
OA R

 





 =   0sin cos Atg r      . am tolobidan gamovricxoT   

parametri. OAB -dan 
sin sin

r l

 
 , 

2

sin

1 sin
tg








 => 

2
2

2
sin 1 sin

r r
tg

l l
    =   

 =
2 2 2

sin

sin

r

l r




. maSin 

2 2 2

sin
sin cos

sin
B OA

r
v r

l r


  



 
    
  

   => 

               
2 2 2

cos
1 sin

sin
B OA

r
v r

l r


 



 
    
  

                         (b) 

 

 

 

  

 

 

 

             nax. 10.22                                    nax. 13.23  

 

      P  wertili AB  barbacas siCqareTa myisi centria, amitom Bv = AB PB   da 

A ABv PB   => 
AB Bv PB  = /Av PA . PB -s (an PA -s)AsigrZe ganisazRvreba amo-

canaSi mocemuli sidideebiT.  

      advili misaxvedria, romNbarbacas wetilebidan umciresi siCqare aqvs im 

wertils, romelic yvelaze axlosaa P -sTan. es ki barbacas is  M  wertilia, 

romelic mdebareobs mis PM  marTobze. 

      pasuxi. 1) 
2 2 2

cos
1 sin

sin
B OA

r
v r

l r


 



 
    
  

; 

              2) 
AB A Bv PA v PB   ; 
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              3) AB -sa da misi marTobi PM -is gadakveTis M  wertili. 

      amocana 10.11. mrudmxara meqanizmSi mrudmxaris sigrZe r OA =40 sm, bar-

bacas  sigrZe l AB =2 m (nax. 10.23). mrudmxara Tanabrad brunavs 180 br/wT-is 

Sesabamisi kuTxuri siCqariT. ipoveT barbacas   kuTxuri siCqare da misi Sua 

M  wertilis siCqare mrudmxaras oTxi mdebareobisaTvis, romelTaTvisac 

AOB kuTxe Sesabamisad udris: 0, 2 ,  , 3 2 . 

      amoxsna. A  wertilis Av  siCqare marTobia OA  wrfis, xolo B  werti-

lis Bv  siCqare - OB  wrfis, amitom am wrfeebis gadakveTis P  wertili AB  

barbacas siCqareTa myisi centria. advilad gavigebT A  wertilis siCqaris si-

dides: 
A OAv OA  . pirobis Tanaxmad, 2 360OA n     rad/wT => 360 60OA  =  

rad/wm. 

      ganvsazRvroT   kuTxe. AOB -Si sin sinOA AB   => sin sin
r

l
   =>  

2 2 21
cos sinl r

l
    (  kuTxe 90 -ze naklebia, amitom cos 0  ). Tu movaxer-

xebT AP  monakveTis sigrZis gagebas, maSin 
A ABv AP   tolobidan gavigebT 

AB -s. PAE -dan cosAE AP  ; ABE -dan AE = cosAB   => cos cosAP AB   =>  

cos cosAP l   . maSin  
AB Av AP  =

cos

cos
OA

r

l





. SevitanoT cos -sTvis zemoT mi-

Rebuli mniSvneloba da gveqneba: 2 2 2cos sinAB OAr l r      . mxedvelobaSi 

unda miviRoT is garemoeba, rom barbaca brunavs mrudmxaras brunvis sawina-

aRmdego mimarTulebiT, amitom 

               
2 2 2

cos

sin
AB OA

r

l r


 


 


=

2 2 2

6 cos

sin

r

l r

 





.                        (a)  

      M  wertilis siCqaris gasagebad davadginoT misi koordinatebis ga- 

mosaTvleli formulebi. nax. 10.23-dan: 
Mx OC CD  = cos / 2rcos l  = cosr  +                

+ 2 2 21
sin

2
l r  ; sin

2
M

l
y  = sin

2

r
  =>  (gaviTvaliswinoT:  6OA    rad/wm) 

         

2

2 2 2

1 2sin cos
sin

2 2 sin
Mx M

r
v x r

l r

  
 



 
     


=N

2 2 2

cos
6 sin 1

sin

r
r

l r


 



 
  
  

; 

         
cos

2
My M

r
v y     =3 cosr  . 

      ganvixiloT mrudmxaras oTxi mdebareoba: 

      I. 0  . am SemTxvevaSi 6 /AB r l   = 1,2 rad/wm;  
Mxv =0, 

M Myv v =3 r =  

=376,8 sm/wm. 

      II. 2  . am SemTxvevaSi AB =0;  6Mxv r  =753,6 sm/wm, Myv 0 =>        Mv

=753,6 sm/wm. 
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      III.   . am SemTxvevaSi SemTxvevaSi 6 /AB r l  =1,2 rad/wm;  
Mxv =0,     

Myv =3 r  =>  Mv =376,8 sm/wm. 

      IV. 3 2  . am SemTxvevaSi AB =0;   6 1Mxv r    =753,6 sm/wm, 
Myv 0 =>     

Mv =753,6 sm/wm. 

      pasuxi. I. 1,2    rad/wm,  Mv =376,8 sm/wm;  II. 0  ,  Mv =753,6 sm/wm;  

             III. 1,2   rad/wm,  Mv =376,8 sm/wm;  IV.  =0,  Mv =753,6 sm/wm. 

      amocana 10.12. ABCD  marTkuTxedi asrulebs brtyel moZraobas. mocemul 

momentSi A  wertilis aCqareba Aw  sm/wm 2 da AB  wrfesTan adgens 30 -ian kuT-

xes. B  wertilis aCqareba 
bw  sm/wm 2  da AM  wrfesTan adgens 60 -ian kuTxes 

(nax. 10.24). monakveTebis sigrZeebia: AB =10 sm, BC =5 sm. gaigeT marTkuTxedis 

myisi siCqare da myisi aCqareba, agreTve, C  wertilis aCqareba.  

      amoxsna. polusad avirCioT A  wertili, maSin  

                            
B A CA CAw w w w  

cbr .                                (a) 

      (a) toloba davagegmiloT x  da y  RerZebze, miviRebT nax. 10. ,a): 

                        
cos60 cos30 ,

sin 60 sin 30 .

B A BA

B A BA

w w w

w w w

  

  

c

br
                            (b) 

      (b) sistemaSi SevitanoT: 2 210BAw BA   
c , 10BAw AB   br , Aw , Bw =6 da 

miviRebT: 

             L

21 3
6 2 10 ,

2 2

3 1
6 2 10 .

2 2






   




    


   =>  0,69 rad/wm;  0,62 rad/wm 2 . 

      gadavideT C  wertilis aCqarebis gagebaze. polusad avirCioT B  werti-

li da gveqneba (nax. 10.24): 

                       
C B CB CBw w w w  

cbr .                                   (g) 

 

 

 

                                     a)                        b) 

  

 

 

 

 

 

 

                nax. 10.24                           nax. 10.25,a,b                
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      davagegmiloT (g) toloba arCeul koordinatTa RerZebze, miviRebT: 

        cos60Cx B CBw w w  
c = 6 0,5 CB    = 3 0,62 5   =6,10 sm/wm 2 ; 

        
sin60Cy B CBw w w   br =   26 3 2 CB    = 23 1,73 0,69 5    = 2,82  sm/wm 2 . 

      advilad miviRebT:  

                   2 2 45,162 6,72C Cx Cyw w w     sm/wm 2 .  

      Cw  veqtoris mimarTulebisTvis gvaqvs: 

          
 cos , Cx

C

C

w
w x

w

  
6,1

6,72


 0,908;     cos ,

Cy

C

C

w
w y

w

  
2,82

6,72


=0,420.     

      pasuxi.  0,69 rad/wm;  0,62   rad/wm 2 ;  Cw  0,72 sm/wm 2 ;  

              
    

 cos ,Cw x  0,908;     cos ,Cw y  0,420.     

     amocana 10.13. A  cilindri vardnisas Slis daxveul Zafs (nax. 10.25,a). 

cilindris siCqaris sidide gamoiTvleba formuliT                

                            
2

3
3

Av gy ,                                 (a) 

sadac y  cilindris centris mier gavlili manZilia. cilindris radiusi r -

is tolia. gansazRvreT cilindris , ,D C E  da H  wertilebis aCqarebebi.   

      amoxsna. vTqvaT, cilindris centri sawyis momentSi imyofeba O  wer-

tilSi (nax. 10.25,b). igi moZraobs y  RerZis gaswvriv, amitom  

             
2

3
3

A Ay

dy
v v gy

dt
     => 

2
3

3

dy
g dt

y
  => 

2
2 3

3
y g t C  . 

 

g)                  d)               e)                 v) 

    

 

 

 

                                

                                                                         nax. 10.25 

 

      sawyis momentSi, roca t =0, maSin y =0. am pirobis gaTvaliswinebiT mi-

viRebT, rom C =0. maSin 
1

3
3

y g t  =>  2

3

g
y t  => 

2

3
Av g t . 

      cilindris centri moZraobs wrfivad, amitom  

                           A
A

dv
w

dt
 =

2

3
g .                                    (b)  
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      amgvarad, gavigeT cilindris erTi wertilis aCqareba. cxadia, am wer-

tils, e.i. A  wertils, avirCevT polusad. cilindris sxva werilebis aCqare-

bis gasagebad unda vicodeT am sxeulis   kuTxuri siCqare da   kuTxuri aC- 

qareba. gamovTvaloT es sidideebi. 

      gaSlili Zafis yoveli wertilis siCqare udris nuls, amitom D  wer-

tili cilindris siCqareTa myisi centria  => 

     
Av DA   = r  => Av

r
  , 

2

3
Av g t   =>  

2

3

g
t

r
   => 

d

dt


  =

2

3

g

r
.       (g) 

      miviReT: viciT cilindris brunvis kuTxuri siCqare da kuTxuri aCqa-

reba da misi erTi wertilis aCqareba. amis Semdeg cilindris nebismieri wer-

tilis aCqareba SegviZlia ganvsazRvroT (10.8.3) formuliT.  

      daviwyoT D  wertilidan. (10.8.3) formula am SemTxvevaSi ase Caiwereba:     

D A DA DAw w w w  
cbr  => (ix. nax. 10.25,g)

 

2

2 22 4

3 9
Dx DA

g g
w w r t r t

r r


 
      

 

c ; 

  Dy A DAw w w  br =
2

3
g r  =

2 2
0

3 3

g
g r

r
    =>  

D DAw w
c = 24

9

g
t

r
. 

      Dw  veqtori mimarTulia DA  wrfis gaswvriv. 

      gadavideT E  wertilis aCqarebis gansazRvraze. (10.8.3) gvaZlevs: 

E A EA EAw w w w  
cbr   => (ix. nax. 10.25,d)  

Ex EAw w 
c ,  Ey A EAw w w  br   => 

       
2 2

E EA A EAw w w w  
c br =    

2 22

Ar w r     =

2 2
2

2

2

4 2 2

9 3 3

g g
t r g r

r r

   
    
  

=  

        = 
4

4 2

2

16 16

81 9

g
t g

r
 =

2 4

2

4
1

3 9

g t
g

r
 . 

   Ew  veqtoris mimarTuleba gamoiTvleba Semdegi formulebiT: 

        cos , Ex
E

E

w
w x

w

  =
2

2 4 23 1 9

g t

r g t r



,   

2 4 2

1
cos ,

1 9

Ey

E

E

w
w y

w g t r

   


. 

      analogiurad gamoiTvleba H  (ix. nax. 10.25,e) da C  (ix. nax. 10.25,v) wer-

tilebis aCqarebebi. 

      pasuxi. 24

9
D

g
w t

r
 , Dw  veqtori mimarTulia DA  wrfis gaswvriv; 

     Ew =
2 4

2

4
1

3 9

g t
g

r
 ,  cos ,Ew x =

2

2 4 23 1 9

g t

r g t r



,   

2 4 2

1
cos ,

1 9
Ew y

g t r

  


. 

 

   
Hw =

2
22 2

1 1
3 3

g t
g

r

 
  
 

,  
  

2
2

1
cos ,

1 1 2 3
Hw x

g t r

  

 

,   cos ,Hw y =           
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=

  

2

2
2

2
1

3

1 1 2 3

gt

r

gt r



 

;   
22 2

1 1
3 3

C

gt
w g

r

 
   

 
,   cos ,Cw x =

 
2

2

1

1 1 2 3gt r 

, 

     

  
  

2

2
2

2
1

3cos ,

1 1 2 3
C

gt

rw y

gt r





 

 

. 

     

 amocana 10.14. gamoikvlieT boloebiT  Ox  da Oy  RerZebze mosriale l  

sigrZis wrfivi monakveTis moZraoba. A  wertili moZraobs Ox  RerZis gaswv-

riv mudmivi u  siCqariT (nax 10.26). gaigeT monakveTis meore B  bolos Oy  Rer-

Zis gaswvriv moZraobis kanoni, misi Bv  siCqare da Bw  aCqareba, rogorc drois 

funqciebi, agreTve monakveTis   kuTxuri siCqare da   kuTxuri aCqareba, ase-

ve, rogorc drois funqciebi.     

      amoxsna. vigulisxmoT, rom sawyis momentSi A  wertili imyofeboda O  

wertilSi, maSin cosOA ut AB   = cosl   => cos u t l   => 2 2 2sin l u t   . nax. 

10.25–dan sinBy OB l   = 2 2 2l u t  amgvarad,  

                           2 2 2

By l u t  .                                    (a) 

      es aris B  wertilis moZraobis kanoni.  

      grashofis Teoremis Tanaxmad, gegm  AB Bv =gegm  AB Av  <=> sin cosBv u   =>   

                         2 2 2 2

Bv uctg u t l u t   .                            (b) 

 

 

                                       a)                b) 

 

  

 

 

 

              nax. 10.26                                nax. 10.27 

 

      A  da B  wertilebidan siCqareebisadmi aRvmarToT marTobebi. maTi gada-

kveTis P  wertili iqneba AB  monakveTis siCqareTa myisi centri. maSin 

Av AP   , APB -Si sinAP l   => Av AP  = sinu l   => 

                           2 2 2u l u t   .                                   (g) 

      B  wertili moZraobs wrfivad, amitom 

              

B
B By

dv
w w

dt
  =

2

2 2 2

d u t

dt l u t

 
 

 
= 

 

2 2

3 2
2 2 2

u l

l u t
. 
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      gansazRvris Tanaxmad,  

              
2 2 2

d d u

dt dt l u t




 
   

 
=
 

3

3 2
2 2 2

u t

l u t
. 

      pasuxi. 2 2 2

By l u t  ,  2 2 2 2

Bv u t l u t  ,   
3 2

2 2 2 2 2

Bw u l l u t  , 

              2 2u l u t   ,    
3 2

3 2 2 2u t l u t   . 

      amocana 10.15. A  cocia moZraobs vertikalurad qveviT mudmivi Av =90 

sm/wm siCqariT (nax. 10.27,a). A  cocias moZraobis mimarTulebasTan 30 -iani 

kuTxiT daxril xazze moZraobs B  cocia, romelic A  cociasTan dakavSire-

bulia AB =25 sm sigrZis Reros saSualebiT. gansazRvreT B  cocias siCqare 

da aCqareba im momentSi, roca misi moZraobis mimarTuleba AB  RerosTan ad-

gens 53  -ian kuTxes.    

      amoxsna. ABD  kuTxis sidide aRvniSnoT  -Ti (nax. 10.27,b). A  da B  wer-

tilebidan aRvmarToT marTobebi Sesabamisad CA  da CB  wrfeebisa, maSin ma-

Ti gadakveTis 
ABP P  wertili iqneba AB  Reros siCqareTa myisi centri. ad-

vilad miviRebT, rom 90ABP    , 60BAP     da 30AOB  . sinusebis Te-

oremis Tanaxmad, ABP -dan gvaqvs:  

         
    sin30sin 90 sin 60

AP BP AB

 
 

 
  => 50cosAP  ,   50sin 60BP   . 

      AB  Reros kuTxuri siCqare aRvniSnoT Av AP   => Av AP  =9 5cos  

=> 
Bv BP  =  

9
50sin 60

5cos



 =  45 3 tg . 

      B  wertili moZraobs wrfivad, amitom  

B
B

dv
w

dt
 =   45 3

d
tg

dt
 =

2

1
45

cos

d

dt




=

2

45

cos



 =

2

45 9

cos 5cos 
=

3

81

cos 
. 

      roca 53  , maSin  45 3 53Bv tg   45(1,732+1,327)=45  3,059=137,655 137,66 

sm/wm,  381 cosBw    
3

81 0,6018  81 0,218  371,56 sm/wm 2 . 

      pasuxi. Bv =137,66 sm/wm;   Bw =371,56 sm/wm 2 . 

 

 

XI Tavi 
myari sxeulis brunva uZravi wertilis garSemo  

(sferuli moZraoba) 

 
11.1. Tavisuflebis xarisxi 
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vaCvenoT, rom Tu viciT sxeulis erT wrfeze aramdebare sami wertilis  

koordinatebi, maSin SegviZlia ganvsazRvroT misi nebismieri meoTxe werti-

lis koordinatebi, e.i. drois mocemul momentSi SegviZlia gavigoT sxeulis 

mdebareoba. marTlac, vTqvaT, drois raime momentSi cnobilia   1 1 1 1, ,M x y z , 

 2 2 2 2, ,M x y z  da  3 3 3 3, ,M x y z  wertilebi. aviRoT nebismieri meoTxe  , ,M x y z  

wertili da davweroT am wertilidan cnobil wertilebamde manZilebis kvad-

ratebis gamosaTvleli formulebi: 

                  

     

     

     

2 2 2 2

1 1 1 1

2 2 2 2

2 2 2 2

2 2 2 2

3 3 3 3

,

,

,

x x y y z z d

x x y y z z d

x x y y z z d

      



     


     

                        (11.1.1)                                             

sadac 
1 2 3, ,d d d  manZilebia M  wertilidan 

1 2 3, ,M M M  wertilebamde, romelTa 

mniSvnelobebi cnobilia. am sistemidan gavigebT , ,x y z  koordinatebs. 

      sam wertils sivrceSi aqvs cxra koordinati, romlebmac unda daakma-

yofilon maT Soris manZilebis gamomsaxveli sami toloba. aqedan gamomdina-

reobs, rom cxridan mxolod eqvsi koordinatia erTmaneTisgn damoukidebeli.  

     miviReT: sivrceSi absoluturad myari sxeulis mdebareobis gasagebad 

sakmarisia eqvsi erTmaneTisgan damoukidebeli sidide.  

     SeniSna. Tu 1 2,M M  da 
3M  wertilebi erT wrfeze mdebareoben, maSin 

cxra koordinatidan Svidi aRmoCndeba erTmaneTisgan damoukidebeli. 

      uZravi wertilis mqone sxeulis SemTxvevaSi, Tu erT-erT cnobil wer- 

tilad aviRebT damagrebis wertils, maSin eqvsidan mxolod sami koordina-

tiRa gveqneba erTmaneTisgan damoukidebeli. 

      miviReT: uZravi wertilis garSemo myari sxeulis brunvis dasaxasi-

aTeblad, sakmarisia sami erTmaneTisgan damoukidebeli sidide.  

      zemoT (ix. $10.1) im parametrebis (sidideebis) ricxvs, romlebic drois 

yovel momentSi calsaxad gansazRvravs moZravi obieqtis mdebareobas, am moZ-

rabis Tavisuflebis xarisxi vuwodeT. 

      miviReT, rom sivrceSi sxeulis moZraobis Tvisuflebis xarisxi aris 

eqvsi, xolo uZravi wertilis garSemo sxeulis brunvis – sami. 

      aRsaniSnavia, rom sivrceSi Tavisufali nivTieri wertilis moZraobis 

Tavisuflebis xarisxi aris sami, sibrtyeSi moZraobis – ori, wrfeze moZ-

raobis – erTi, sxeulis gadataniTi moZraobis – sami, uZravi RerZis garSemo 

sxeulis brunvis – erTi, sxeulis brtyeli moZraobis – sami. 

 

11.2. eileris kuTxeebi. myari sxeulis uZravi wertilis  

garSemo brunvis gantolebebi 

 

      daismis kiTxva: romeli sami damoukidebeli sidide unda SevarCioT uZ-

ravi wertilis garSemo sxeulis brunvis dasaxasiaTeblad? am sidideebis 
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aReba SeiZleba nebismierad, Tumca Teoriul meqanikaSi upiratesobas aniWeben 

e.w. eileris kuTxeebs. gavecnoT am kuTxeebs. 

      uZravi 
1 1 1 1O x y z  koordinatTa sistemis O  saTave davamTxvioT sxeulis da-

magrebis wertils da SeviswavloT sxeulis moZraoba am sistemis mimarT. sxe-

ulTan mkvidrad davamagroT Oxyz  koordinatTa sistema (nax. 11.1). imisaTvis, 

rom drois yovel momentSi vicodeT sxeulis mdebareoba uZravi 
1 1 1 1O x y z  koor-

dinatTa sistemis mimarT, sakmarisia vicodeT moZravi Oxyz  sistemis mdebare-

oba uZravi sistemis mimarT.  

      davuSvaT, rom Tavidan Oxyz  sistema emTxveva 
1 1 1 1O x y z  sistemas. vaCvenoT, 

rom sami Tanmimdevruli mobrunebiT 
1 1 1 1O x y z  mdebareobidan SegviZlia gadavi-

deT nax. 11.1-ze mocemul mdebareobaSi: 1) movabrunoT Oxy  sibrtye 
1Oz  RerZis 

garSemo   kuTxiT; mas ewodeba precesiis kuTxe, xolo 
1Oz  RerZs -  pre-

cesiis RerZi.   kuTxe dadebiTia, Tu 
1Oz  RerZis garSemo mobruneba xdeba 

saaTis isris brunvis sawinaaRmdego mimarTulebiT. Ox  RerZis axali mdeba-

reoba 
1 1Ox y  sibrtyeSi aRvniSnoT O -Ti da vuwodoT mas nutaciis RerZi an 

kvanZebis xazi; 2) koordinatTa sistema O RerZis garSemo movabrunoT   

kuTxiT; mas ewodeba nutaciis kuTxe; 3) koordinatTa sistema movabrunoT Oz  

RerZis garSemo   kuTxiT, romelsac sakuTari brunvis kuTxe ewodeba da 

miviRebT Oxyz  sistemis saboloo mdebareobas. Oz  RerZs sakuTari brunvis 

RerZi ewodeba.   da    kuTxeebis dadebiTi mimarTuleba emTxveva saaTis is-

ris brunvis sawinaaRmdego mimarTulebas.  

 

 

 

 

 

 

 

 

 

 

 

 

                                nax. 11.1                                        

 

      davazustoT eileris kuTxeebi:   kuTxe gansazRvravs O  kvanZebis xa-

zis mdebareobas uZravi 1Ox  RerZis mimarT,    - Ox  RerZis  mdebareobas O  

 RerZis mimarT, xolo   aris 
1 1Ox y  da Oxy  sibrtyeebs Soris kuTxe. 
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      eileris kuTxeebs didi gamoyeneba aqvs giroskopebis TeoriaSi. giros-

kopi ewodeba simetriul sxeuls, romelsac aqvs uZravi wertili da Zalian 

swrafad brunavs simetriis RerZis garSemo. 

      imisaTvis, rom vicodeT uZravi wertilis garSemo brunva, unda vicodeT 

samive eileris kuTxe, rogorc drois funqciebi. vTqvaT,                                                                                      

                        1f t  ,  2f t  ,  3f t  .                        (11.2.1) 

      (11.2.1) gantolebebi warmoadgens uZravi wertilis garSemo sxeulis 

brunvis gantolebebs. 

      arsebobs sxva sami kuTxec, romelTa saSualebiT SegviZlia Seviswav-

loT uZravi wertilis garSemo sxeulis brunva. aseTebia, magaliTad, brain-

tis kuTxeebi, romelTac ar ganvixilavT, Tumca aRvniSnavT, rom rogorc erT 

kuTxeebs, ise meores, aqvs gamoyenebis Tavisi dadebiTi da uaryofiTi mxare-

ebi. 

 

11.3. kavSiri mimarTulebis kosinusebsa da eileris kuTxeebs  

Soris. uZravi wertilis garSemo mbrunvi sxeulis  

nebismieri wertilis moZraobis gantolebebi 

 

      Ox  RerZis mier 1Ox , 1Oy , 
1Oz  RerZebTan Sedgenili kuTxeebis kosinusebi 

aRvniSnoT 1 1 1, ,l m n -iT (nax. 11.1), Oy  RerZis mier imave RerZebTan Sedgenili 

kuTxeebis kosinusebi - 2 2 2, ,l m n -iT, xolo Oz  RerZis mier Sedgenili kuTxeeb-

is kosinusebi - 3 3 3, ,l m n -iT (ix. cxrili 11.1). analizuri geometriidan cnobi-

lia, rom mimarTulebis kosinusebs Soris arsebobs Semdegi damokdebulebebi: 

                           

2 2 2

1 1 1

2 2 2

2 2 2

2 2 2

3 3 3

1,

1,

1,

l m n

l m n

l m n

   


  


  

                                (11.3.1) 

                           

1 2 1 2 1 2

1 3 1 3 1 3

2 3 2 3 2 3

0,

0, .

0

l l m m n n

l l m m n n

l l m m n n

  


  
   

                           (11.3.2) 

      (11.3.1) gamosaxavs normirebis, xolo (11.3.2) - orTogonalurobis pirobas, 

romelic dawerilia svetebis mixedviT. SeiZleba msgavsi pirobebis dawera 

striqonebis mixedviTac.                                      

           (11.3.1) da (11.3.2) formulebidan gamodinareobs, rom cxra mimarTulebis 

kosinusebidan damoukidebelia sami, rac niSnavs, rom Tu viciT romelime  

sami  kosinusi, maSin (11.3.1) da (11.3.2) tolobebis  saSualebiT gavigebT dana                            

rCen eqvssac.  

           1 1Ox y  sibrtyeSi O  wertilze O  kvanZebis xazis marTobulad gavataroT 

1O  RerZi ise, rom 1,O O  da 1Oz  RerZebma Seadginos marjvena sistema (nax. 
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11.1). aseve, Oxy  sibrtyeSi O  wertilze O  RerZis marTobulad gavataroT 

2O  RerZi ise, rom 2,O O  da Oz  RerZebma Seadginos marjvena sistema. 

advili misax-vedria, rom 1 2,O O ,
1Oz  da Oz  RerZebi erT sibrtyeSi 

mdebaeroben, xolo O  da 
2O  RerZebs Soris kuTxe udris  -s. aRvniSnoT 

1 1,Ox Oy  da 
1Oz  RerZebis ortebi 1 1 1, ,i j k -iT, ,Ox Oy  da Oz  RerZebis ki - , ,i j k -

Ti, xoloD 1,O O  da 
2O  RerZebisa - 0 10 20, ,    -iT. SevecadoT gamovsaxoT 

koordinatTa RerZebis or-tebi 0 10 20, ,    ortebis saSualebiT. amisaTvis ,i j , 

1 1 1, ,i j k  ortebi davSaloT 0 10 20, ,    ortebis mimarTulebebis mixedviT. 

advilad miviRebT: 

                      

0 20

0 20

sin ,

sin cos ,

,

i cos

j

k k

 

 

    


   




                              (11.3.3) 

                      

1 0 10

1 0 20

1 20

cos sin ,

sin cos ,

cos sin .

i

j

k k

 

 

 

   


   


  

                              (11.3.4) 

      cnobilia: ortis kvadrati udris 1-s, urTierTmarTobi ortebis ska-

laruli namravli – 0-s, da Tu gaviTvaliswinebT, rom 10 20 cos   , gveqneba: 

        

      1 1 1 0 20 0 10

2

0 0 10 20 0

20 10

cos , cos sin cos sin

cos cos cos sin sin cos

sin sin cos cos sin sin cos .

l Ox Ox i i    

     

      

         

       

   

 

      analogiurad miviRebT: 

          1 cos cos sin sin cosl       , 

          1 cos sin sin cos cosm       ,  

          1 sin sinn   , 

          2 sin cos cos sin cosl        ,  

          2 sin sin cos cos cosm       ,                                (11.3.5) 

          2 cos sinn   , 

          3 sin sinl   ,  

          3 cos sinm    , 

          3 cosn  . 

      11.3.5) formulebi gviCvenebs, rom koordinatTa RerZebis yvela mimarTu-

lebis kosinusi gamoisaxeba eileris kuTxeebis saSualebiT. 

      gamoviyvanoT uZravi wertilis garSemo mbrunvi sxeulis nebismieri wer-

tilis moZraobis gantolebebi. ganvixiloT sxeulis nebismieri M  wertili 
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(nax. 11.2). misi koordinatebi uZrav koordinatTa sistemis mimarT aRvniSnoT 

1 1 1, ,x y z -iT, xolo moZravis mimarT - , ,x y z -iT. M  wertilis radius-veqtori-

saTvis gvaqvs: 

   r i x j y k z   .                               (11.3.6) 

am tolobaSi , ,i j k  moZravi RerZebis ortebia, amitom isini drois funqciebia.  

      (11.3.6) aris uZravi wertilis garSemo mbrunavi sxeulis nebismieri wer-

tilis moZraobis veqtoruli gantoleba.  

      davagegmiloT (11.3.6) uZrav RerZebze da miviRebT uZravi wertilis gar-

Semo mbrunvi sxeulis nebismieri wertilis moZraobis skalarul gantole-

bebs:  

                           

1 1 2 3

1 1 2 3

1 1 2 3

,

,

.

x l x l y l z

y m x m y m z

z n x n y n z

   


  
   

                          (11.3.7) 

      miviReT: Tu viciT uZravi wertilis garSemo mbrunvi sxeulis (11.2.1) 

gantolebebi, maSin (11.3.5) formulebiT drois yovel mocemul momentSi gavi-

gebT moZravi RerZebis mimarTulebis kosinusebs, xolo (11.3.7) formulebiT - 

sxeulis nebismieri wertilis koordinatebs uZrav koordinatTa sistemis 

mimarT. 

 

11.4. eiler-dalamberis Teorema. brunvis myisi RerZi 

 

      Teorema. uZravi wertilis mqone sxeuli erTi mdebareobidan nebismier 

meore mdebareobaSi SegviZlia gadavitanoT uZrav wertilze gamavali gansaz-

Rvruli RerZis garSemo mxolod mobrunebiT. 

     damtkiceba. $11.1-Si vaCveneT, rom sivrceSi sxeulis mdebareobis gansa-

sazRvrad sakmarisia erT wrfeze aramdebare sami wertilis codna. roca sxe-

uls erTi wertili aqvs damagrebuli, maSin imave miznisTvis sakmarisia ori 

wertilis codna, romlebzec gamavali wrfe ar unda gadiodes uZrav wertil-

ze. uZravi wertili aRvniSnoT O  asoTi  da misgan, rogorc centridan, Semov-

xazoT nebimieri radiusis sfero da masze aviRoT ori A  da B  wertili (nax. 

11.4). davuSvaT, rom sfero sxeulTan mkvidrad aris dakavSirebuli, e.i. moZ-

raobs masTan erTad. maSin sxeulis mdebareoba srulad ganisazRvreba didi 

wris AB  rkaliT.  

      vTqvaT, sxeuli gadaadgilda ise, rom AB  rkalma daikava 1 1A B  mdebare- 

oba. didi wris rkalebiT A  wertili SevaerToT 1A -Tan  da B  wertili 1B -

Tan. maTi Sua C  da 1C  wertilebidan aRvmarToT sferuli marTobebi da maTi 

gadakveTis wertili aRvniSnoT P  asoTi. vaCvenoT, rom APB  da 1 1A PB  sferu- 

li samkuTxedebi tolia. sxeuli absoluturad myaria, amitom 
1 1AB AB  rkale-

bi tolia. marTkurTxa  sferuli APC  da 
1APC  samkuTxedebi tolia, vinaidan 
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AC =
1AC  da CP  saeTo aqvT. aqedan 1AP A P . aseve sferuli 

1BC P da 1 1B C P  sam-

kuTxedebis tolobidan gamomdinareobs, rom 1BP B P . miviReT, rom APB  da 

1 1A PB  samkuTxedebs toli aqvs samive gverdi, amitom es samkuTxedebi tolia. 

aqedan gamomdinareobs, rom 1 1APB A PB   . am tolobis orive mxares davu-

matoT erTi da igive 1BPA  kuTxe, miviRebT: 1 1APA BPB   . 
O  da P  wertlebze 

gavataroT OP  RerZi da SemovabrunoT sxeuli mis garSemo 1APA  kuTxiT. bo-

lo tolobis Tanaxmad, APB  samkuTxedi daemTxveva 1 1A PB  samkuTxeds, rac 

imas niSnavs, rom AB  rkali daemTxveva 1 1A B  rkals. miviReT, rom am rkalebis 

erTmaneTzeNdamTxveva moxda sxeulis mxolod OP  RerZis garSemo Semobru-

nebis Sedegad. Teorema damtkicebulia. 

 

 

 

                           

 

  

 

 

                nax. 11.2                              nax. 11.3 

      OP  RerZs, romlis garSemo mxolod SemobrunebiT sxeuli erTi mdeba-

reobidan gadadis meoreSi, brunvis myisi RerZi ewodeba. 

      damtkicebul Teoremas eiler-dalamberis Teorema ewodeba. 

 

11.5. myisi kuTxuri siCqare da myisi kuTxuri aCqareba 

 

      miviReT, rom uZravi wertilis mqone sxeulis moZraoba drois yovel 

momentSi SegviZlia ganvixiloT rogorc Semobruneba brunvis myisi RerZis 

garSemo. SemovitanoT uZravi wertilis garSemo mbrunvi sxeulis myisi kuTxu-

ri siCqarisa da myisi kuTxuri aCqarebis cnebebi. 
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               nax. 11.4                                nax. 11.5 

 

      davakavSiroT sxeulTan mkvidrad raime sibrtye da davuSvaT, rom dro-

is t  momentSi igi gadis brunvis myis RerZze. vTqvaT, t  drois usasrulo 

mcire SualedSi sibrtyem Seicvala mdebareoba   usasrulod mcire kuTxiT. 

gamovTvaloT 

                                 
0

lim
t t





 .                              (11.5.1) 

      gansazRvra.   veqtors, romlis moduli gamoiTvleba (11.5.1) formuliT 

da drois yovel momentSi mimarTulia brunvis myisi RerZis gaswvriv ise, rom 

mis garSemo brunva xdeba saaTis isris brunvis sawinaaRmdego mimarTulebiT, 

myisi kuTxuri siCqare ewodeba.   veqtori SegviZlia movdoT myisi RerZis  

nebismier wertilSi.  

      gansazRvra. myisi kuTxuri aCqareba ewodeba 

   
d

dt


                                   (11.5.2) 

veqtors.   veqtors drois mixedviT SeiZleba Seecvalos rogorc sidide, ise  

mimarTuleba, amotom   veqtori, sazogadod, ar aris mimarTuli myisi RerZis 

gaswvriv. mis mimarTulebas gansazRvravs (11.5.2) toloba.   veqtori,  -s 

msgavsad, SegviZlia movdoT myisi RerZis nebismier wertilSi. SevTanxmdeT da 

SemdegSi isini movdoT O  uZrav wertilSi (nax. 11.6). 

 

 11.6. uZravi wertilis garSemo mbrunvi sxeulis wertilebis 

siCqareebi. puasonis formulebi 

 

      sxeulis umartivesi saxis moZraobebis Seswavlisas uZravi  RerZis gar- 

Semo brunvis SemTxvevaSi sxeulis nebismieri wertilis siCqaris gasagebad 

gamoviyvaneT eileris formula. am formulis mixedviT, wertilis  siCqare 

rom gavigoT, unda vicodeT sxeulis kuTxuri siCqare da brunvis RerZis mi-

marT am wertilis mdebareoba. 

      eiler-dalamberis Teorema saSualebas gvaZlevs uZravi wertilis mqone 

sxeulis moZraoba drois yovel momentSi ganvixiloT rogorc brunva myisi 

RerZis garSemo   myisi siCqariT, romelic yovelTvis gadis uZrav wertilze  

da mimarTulia brunvis myisi RerZis gaswvriv. brunvis myis RerZze mdebare 

sxeulis wertilebis siCqareebi nulis tolia, amitom sxeulis wertilebis 

siCqareebis gamosaTvlelad eileris formulebi SegviZlia gamoviyenoT uZra-

vi wertilis garSemo sxeulis brunvis SemTxvevaSic. 

      sxeulis nebismieri M  wertilis siCqare  aRvniSnoT v -Ti, radius-veq-

tori O  wertilis mimarT - r -iT (nax. 11.5), kuTxuri siCqare -  -Ti,  maSin 
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                           v r    =>                                    (11.6.1) 
   

 sin ,v r r   , magram  sin ,r r h   , amitom  

     v h .                                      (11.6.2) 

      miviReT: sxeulis wertilis siCqare proporciulia wertilidan brunvis 

myis RerZamde h  manZilisa. 

      (11.6.2) formulidan              v h  .
                           

(11.6.3) 

      (11.6.3)–dan gamomdinareobs: sxeulis kuTxuri siCqaris gasagebad sakma-

risia vicodeT erTi romelime wertilis siCqare da am wertilidan brunvis 

myis RerZamde manZili. 

      ,v   da r  veqtorebis gegmilebi uZrav RerZebze Sesabamisad aRvniSnoT 

1x
v ,

1y
v ,

1z
v ,

1x
 ,

1y
 ,

1z
 , 1x , 1y , 1z -iT, xolo moZrav RerZebze - xv ,

yv , zv ,
x ,

y ,
z , x , y , z -

iT.  maSin uZrav RerZebze (11.6.1) tolobis dagegmilebiT, miviRebT: 

                          

1 1 1

1 1 1

1 1 1

1 1

1 1

1 1

,

,

,

x x z

y z x

z x y

v z y

v x z

v y x

 

 

 

    


   


   

                             (11.6.4) 

     xolo moZrav RerZebze dagegmilebiT 

   

,

, .

x y z

y z x

z x y

v z y

v x z

v y x

 

 

 

    


   


   

                                (11.6.5) 

      gansazRvris Tanaxmad, wertilis siCqare aris misi radius-veqtoris war-

moebuli droiT. meore mxriv, uZravi wertilis mqone sxeulis nebismieri wer-

tilis siCqare gamoiTvleba  (11.6.1) formuliT. amgvarad, 

                               
dr

r
dt

  .                                 (11.6.6) 

      (11.6.6) tolobaSi r  radius-veqtori erTmaneTTan aerTebs absoluturad 

myari sxeulis or wertils, amitom r const . aqedan gamomdinareobs: (11.6.6) 

toloba SegviZlia ganvixiloT rogorc gamosaTvleli formula iseTi veq-

toris warmoebulisa droiT, romelsac mudmivi sigrZe aqvs da misi cvlile-

ba gamowveulia mxolod imiT, rom igi sxeulTan erTad uZravi wertilis 

garSemo brunavs   kuTxuri siCqariT. 

      moZravi Oxyz  koordinatTa RerZebis , ,i j k  ortebi erTeulovani veqto-

rebia da maTi cvlileba xdeba mxolod imitom, rom isini moZrav sistemasTan 

erTad brunaven uZravi wertilis garSemo   kuTxuri siCqariT, amitom (11.6.6) 

formulis Tanaxmad 

                   , , .
di dj dk

i j k
dt dt dt

        .                         (11.6.7) 

      am formulebs puasonis formulebi ewodeba. 
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11.7. myisi kuTxuri siCqaris gegmilebis gamosaxva 

eileris kuTxeebiT 

      $11.2-Si vaCveneT, rom uZravi wertilis garSemo brunvisas sxeulis erTi 

mdebareobidan meore mdebareobaSi gadasvla SeiZleba ganvaxorcieloT sami 

Tanmimdevruli mobrunebiT: 1) 
1Oz  RerZis garSemo   kuTxiT; 2) O  RerZis 

garSemo   kuTxiT da 3) Oz  RerZis garSemo   kuTxiT, romelTa Sesabamisi 

kuTxuri siCqareebi aRvniSnoT 
1 2,   da 

3 -iT. davazustoT: 1  , 
2   da 

3  , sadac , ,    eileris kuTxeebia, romlebic (11.2.1) formulebiT gani-

sazRvreba (wertili niSnavs droiT gawarmoebas). rasakvirvelia, 1  emTxveva 

1Oz  RerZs, 
2  ki - O  RerZs, xolo 

3  - Oz  RerZs. 

      cxadia, brunvis   myisi kuTxuri siCqare 

                       .                                       (11.7.1) 

      es toloba davagegmiloT uZrav RerZebze, miviRebT (nax. 7.1): 

                     

3

3

3.

cos ,

sin ,

x

y

z

l

m

n

   

   

  

  


 


 

                       

      (11.3.5) formulebis gaTvaliswinebiT miviRebT: 

                 

1

1

1

sin sin cos ,

cos sin sin ,

cos .

x

y

z

     

     

   

  


  


 

                            (11.7.2) 

      analogiurad miviRebT moZrav RerZebze   veqtoris gegmilebis gamo-

saTvlel formulebs: 

                    

sin sin ,

cos sin sin ,

cos .

x

y

z

    

     

   

  


 


 

                              (11.7.3) 

(11.7.2) an (11.7.3) tolobebis kvadratSi ayvaniTa da Semdeg SekrebiT, miviRebT: 

                 
2 2 2 2 2 cos         .   (11.7.4) 

  

11.8. brunvis myisi RerZis gantolebebi 

      praqtikul amocanebSi xSirad brunvis myisi RerZis mdebareobas vpoul- 

obT wminda meqanikuri mosazrebebiT. magaliTad: drois mocemul moment- 

Si myisi RerZi yovelTvis gadis or uZrav wertilze; Tu sxeuli exeba uZrav 

sxeuls raime wertilSi da adgili ara aqvs srials, maSin brunvis myisi Rer-
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Zi mocemul momentSi gadis uZrav wertilze; Tu erTi konusi usrialod go-

ravs meore uZrav konusze, maSin saerTo msaxveli aris brunvis myisi RerZi 

da a.S. 

      brunvis myisi RerZis gantolebebis  dasadgenad gaviTvaliswinoT, rom 

am RerZis wertilebis siCqareebi nulis tolia da, Tu  (11.6.4) formulebSi da-

vuSvebT, rom 1 1 1
0x y zv v v    miviRebT:               

1 1 1 1 1 11 1 1 1 1 10, 0, 0y z z x x yz y x z y x                    => 

                           
1 1 1

1 1 1

x y z

x y z

  
                                   (11.8.1) 

      (11.8.1) aris brunvis myisi RerZis gantolebebi uZrav koordinatTa sis-

temis mimarT. 

      analogiur formulebs miviRebT (11.6.4) formulebidan moZravi sistemis 

mimarT:  

                           
x y z

x y z

  
  .                                  (11.8.2) 

 

 

        11.9. uZravi wertilis mqone sxeulis wertilebis aCqareba 

     myisi kuTxuri siCqarisa da myisi kuTxuri aCqarebis Seswavlisas ($11.5) 

vnaxeT, rom myisi aCqareba, sazogadod, ar aris mimarTuli brunvis myisi Rer-

Zis gaswvriv. amitom, myisi kuTxuri siCqarisagan gansxvavebiT, aCqarebis gasa-

gebad ver gamoviyenebT uZravi RerZis garSemo mbrunavi sxeulis wertilebis 

aCqarebis ganmsazRvrel formulebs.  

     uZravi wertilis garSemo mbrunavi sxeulis nebismieri M  wertilis aC-

qarebis gasagebad (11.6.1) formuliT gansazRvruli v  siCqare unda gavawar-

mooT droiT, miviRebT: 

                  
dv d d dr

w r r
dt dt dt dt


 

   
         

   
     <=> 

                          w r v     .                                   (11.9.1) 

      am formulas rivalsis formula ewodeba. 

      
 r   Semdgens vuwodoT brunviTi aCqareba  da Tu mas aRvniSnavT wbr -

Ti, gveqneba:  

                             w r br .                                 (11.9.2) 

      
 v  Semdgens vuwodoT RerZiskenuli aCqareba  da Tu mas aRvniSnavT 

wRer -Ti, gveqneba:  

                             w v Rer .                                (11.9.3) 

myisi kuTxuri aCqarebisTvis miviReT: 

                             w w w br Rer .                                (11.9.4) 
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      miviReT: uZravi RerZis garSemo mbrunavi sxeulis nebismieri wertilis 

aCqareba udris brunviTi da RerZiskenuli aCqarebebis geometriul jams. 

      (11.9.4) tolobidan gvaqvs:  

                       2 cosw w w w w w w  2 2
br Rer br Rer br Rer .                  (11.9.5)                                                                

      SeviswavloT cal-calke brunviTi da RerZiskenuli aCqarebebi. 

      brunviTi aCqarebisaTvis (11.9.2) tolobidan miviRebT (nax. 11.6): 

                       1sinw r r r h        br ,                         (11.9.6) 

sadac
 

 1 sinh r r   manZilia M wertilidan   veqtoris fuZemde. 

      RerZiskenuli aCqarebisTvis (11.9.3)-dan miviRebT:  sinw v v v    Rer . 

magram   90v   da v h  (ix. (11.6.2) formula da nax. 11.6), maSin  

                       2w h h    Rer .                                  (11.9.7) 

      cxadia, wRer  veqtori mimarTulia   da v  veqtorebze gamavali sibrt-

yis marTobulad. 

      (11.9.1) veqtoruli toloba davagegmiloT moZrav koordinatTa RerZeb- 

ze, miviRebT:                           

                      x y z y z z yw z y v v           , 

                      y z x z y y zw x z v v           , 

                      z x y x y y xw y x v v           . 

      vaCvenoT, rom uZravi RerZis garSemo sxeulis brunva warmoadgens uZ- 

ravi wertilis garSemo sxeulis brunvis kerZo SemTxvevas.  marTlac, uZravi 

RerZis garSemo sxeulis brunvis dros   da   veqtorebi erT RerZze mdeba-

reoben, e.i. 
1h h , amitom brunviTi aCqareba gadaiqceva mxeb, xolo RerZiskenu-

li – normalur (igive centriskenul) aCqarebad.  

      gardavqmnaT  v  namravli. (11.6.1) formulis Tanaxmad, v = r ,  amitom 

 v r      . ormagi veqtoruli namravlisaTvis maTematikidan cnobilia 

Semdegi formula:
 

 a b c  =  b a c +  c a b . am formulis mixedviT  r   =

 r   - 2 r  da Tu am Sedegs gaviTvaliswinebT (11.9.1) formulaSi, miviRebT: 

                      2w r r r        .                            (11.9.8) 

      (11.9.8) formula gamosaxavs uZravi wertilis garSemo brunvisas sxe-

ulis wertilebis aCqarebaTa ganawilebis kanons. 
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                                  nax. 11.6                          -                                                

      (11.9.8) tolobis dagegmilebiT koordinatTa RerZebze, miviRebT uZravi 

wertilis garSemo brunvisas sxeulis wertilis aCqarebis gegmilebs rogorc 

uZrav, ise moZrav RerZebze. 

 

 

11.10. kuTxuri aCqarebis gansazRvra 

      (11.9.8) formula gviCvenebs, rom uZravi wertilis mqone sxeulis werti-

lebis aCqarebis gasagebad aucileblad unda vicodeT sxeulis   kuTxuri 

aCqareba. arsebobs misi gansazRvris ori ZiriTadi xerxi.  

      1. davuSvaT, rom viciT   kuTxuri siCqaris , ,x y z    gegmilebi uZrav an 

moZrav RerZebze. am SemTxvevaSi imave RerZebze   kuTxuri aCqarebis gegmi-

lebs gavigebT 

                      
, ,

yx z
x y z

dd d

dt dt dt

 
                       (11.10.1) 

formulebiT. kargadaa cnobili gegmilebis saSualebiT veqtoris modulisa 

da koordinatTa RerZebTan mis mier Sedgenili kuTxeebis gansazRvris for-

mulebi. 

      2. 
0 -iT aRvniSnoT erTeulovani veqtori, romelsac aqvs   veqtoris 

mimarTuleba, maSin 0    => 

                   
 0 0

0

d dd d

dt dt dt dt

  
      .                       (11.10.2) 

      rogorc vxedavT,   kuTxuri aCqareba davSaleT or Semdgenad. 

      
0

d

dt


  Semdgeni mdebareobs   veqtoris fuZeze da aqvs misi mimarTule-

ba, roca 0
d

dt


 , winaaRmdeg SemTxvevaSi mas sapirispiro mimarTuleba aqvs. 

      

0d

dt


  Semdgeni mdebareobs   veqtoris marTob sibrtyeSi (

0  mudmiv-

sigrZiani veqtoria, romlis gawarmoebiT vRebulobT mis marTob veqtors 

($8.6)).     

      am Semdgenebis gansazRvris Semdeg,   kuTxur aCqarebas gavigebT maTi 

geometriuli SekrebiT. 

      amocana 11.1. gansazRvreT sxeulis sferuli moZraobis kuTxuri siCqa-

ris moduli, Tu misi moZraobis kanoni mocemulia gantolebebiT: sin t  , 

cos t  ,   .   
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      amoxsna. gamoviyenoT (11.7.4) formula: 2 2 2 2 2 cos         . Cven Sem-

TxvevaSi cos t  ,  =0, sin t   , amitom  
22 2 2cos sint t     = 2  =>  

rad/wm. 

      pasuxi.   rad/wm.  

      amocana 11.2. gansazRvreT sxeulis sferuli moZraobis kuTxuri siCqa-

ris moduli, Tu misi moZraobis kanoni mocemulia gantolebebiT: t  , 

3  , t  .   

      amoxsna. gamoviyenoT (11.7.4) formula (ix. wina amocana). Cven SemTxvevaSi 

  ,   ,  =0, amitom 2 2 22 2 cos60    = 23  =>  3   rad/wm. 

      pasuxi. 3  rad/wm.  

      amocana 11.3. sxeulis sferuli moZraobisas misi kuTxuri siCqare  =   

= sin cost i t j k        . drois t =1 wm momentSi gansazRvreT kuTxuri aCqa-

rebis gegmili Ox  RerZze.     

      amoxsna. amocanis pirobis Tanaxmad, sinx t    => 2 cosx x t     . roca 

t =1 wm, maSin 2 cosx   = 2   9,87 rad/wm 2 . 

      pasuxi. 9,87 rad/wm 2 . 

     amocna 11.4. sxeulis sferuli moZraobisas misi kuTxuri siCqare  =   

= 22sin sin2 5t i t j k     (rad/wm). drois t =2 wm momentSi gansazRvreT kuTxuri 

aCqareba.     

      amoxsna. amocanis pirobis Tanaxmad, 22sinx t  , sin 2y t  , 5z   =>  

x x  =2 sin 2t , 2cos2y y t   , 
z z  =0 => 2 2 2

x y z      = 2 24sin 2 4cos 2t t =     

=2 rad/wm 2 . 

      pasuxi. 2 rad/wm 2 . 

      amocana 11.5. drois raRac momentSi sxeulis sferuli moZraobisas misi 

kuTxuri siCqare 2 3 5i j k    . am momentSi gansazRvreT sxeulis im werti-

lis siCqare, romlis koordinatebia: 1x =0, 1y =0, 1z =0,5 m.    

      amoxsna. gamoviyenoT (11.6.4) formulebi:  

      
1 1 11 1x y zv z y     ,   

1 1 11 1y z xv x z     ,   
1 1 11 1z x yv y x     .   

      pirobis Tanaxmad, 
1x

 =2, 
1y

 =3, 
1z

 =5, amitom 
1x

v =3 0,5 5 0   =1,5; 
1y

v =5 0     

 2 0,5 =1; 
1

2 0 3 0zv     =0 => 
1 1 1

2 2 2

x y zv v v v   =  
221,5 1  = 3,25  1,80 m/wm. 

      pasuxi. 1.80 m/wm. 

      amocana 11.6. drois raRac momentSi sxeulis sferuli moZraobisas misi 

kuTxuri aCqareba i j k    . gansazRvreT sxeulis im wertilis brunviTi 

aCqareba, romlis radius-veqtori am momentSi r i j k   .     

     amoxsna. (11.9.2) formulis Tanaxmad,  w r br  =>   
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      x y zw z y    br ,   y z xw x z    br ,   z x yw y x    br .   

      pirobis Tanaxmad, x =1, 
y =1, z =1, x=1, y =1, z =1,  amitom 

xw br = 1 1  

1 1  =2, 1 1 1 1yw    br =0, 
zwbr =  1 1 1 1    =2 =>      

2 2 2

x y zw w w w  br br br br =        

=  
2 22 2   = 8  2,87 m/wm 2 .  

      pasuxi. 2,87 m/wm 2 . 

      amocana 11.7. drois raRac momentSi sxeulis sferuli moZraobisas misi 

kuTxuri siCqare 2 4 2i j k    . gansazRvreT sxeulis im wertilis RerZiske-

nuli aCqarebis gegmili Oy  RerZze,  romlis siCqare am momentSi v = 4 i +8 j 

 4 k .     

      amoxsna. (11.9.3) formulis Tanaxmad,  w v 
Rer  => y z x x zw v v    

Rer . 

pirobis Tanaxmad, 
x =2, 

z =2, xv =4, zv =4, amitom yw
Rer= 2 4   2 4  =16 m/wm 2 . 

      pasuxi. 16 m/wm 2 . 

 

 

XII Tavi 
Tavisufali myari sxeulis nebismieri moZraoba 

 
12.1. Tavisufali myari sxeulis nebismieri moZraobis 

gantolebebi. Salis Teorema 

      drois gansaxilvel momentSi nebismieri nivTieri sxeulis kinematikuri 

mdgomareoba ganisazRvreba sivrceSi misi wertilebis mdebareobiT da am mo-

mentSi maTi siCqareebiT. sxeulis moZraobas Cven ganvixilavT, rogorc uwyvet 

da Tanmimdevrul gadasvlas erTi kinematikuri mdgomareobidan meoreSi. moZ-

raobisas sxeulis wertilebis mdebareobis gagebasTan erTad dgeba damouki-

debeli sakiTxi drois mocemul momentSi wertilebis siCqareebis ganawile-

bisa.  

      wina TavebSi gavecaniT myari sxeulis moZraobis kerZo SemTxvevebs (um-

artivs moZraobebs: gadataniTs da brunvas uZravi RerZis garSemo; brtyel 

moZraobas; uZravi wertilis garSemo brunvas). axla SeviswavloT Tavisufa-

li sxeulis wertilebis siCqareTa ganawilebis kanoni drois gansaxilvel 

momentSi (myisi siCqareebi) yvelaze zogad SemTxvevaSi.   

      zogadad, sxeulis myisi (myisieri) moZraobis qveS vgulisxmobT drois 

mocemul momentSi moZravi sxeulis wertilebis mxolod siCqareTa gana-

wilebas. magaliTad, sxeulis myisi gadataniTi moZraoba iseT moZraobas 

ewodeba, romlis drosac misi wertilebis siCqare drois mocemul momentSi, 

erTmaneTis tolia, Tumca am wertilebs sxvadasxva traeqtoriebi da sxvada-

sxva aCqarebebi SeiZleba hqondeT. aseve, Tu myari sxeulis wertilebis siCqa-
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reebi gamoiTvleba eileris formuliT (ix. (9.5.2) formula)), maSin Cven vla-

parakobT myisi RerZis garSemo myisi kuTxuri siCqariT sxeulis myis brunviT 

moZraobaze. am SemTxvevaSic wertilebis traeqtoriebsa da aCqarebebs 

SeiZleba hqondT nebismieri mniSvnelobebi. 

      davamtkicoT Teorema, romelsac sivrceSi sxeulis moZraobisTvis igive 

mniSvneloba aqvs, rac eiler-dalamberis Teoremas uZravi wertilis mqone 

sxeulis moZraobisTvis. am Teoremas Salis Teorema ewodeba. 

     Teorema. Tavisufali myari sxeulis yoveli gagaadgileba erTi mdeba-

reobidan meore mdebareobaSi SeiZleba ganxorcieldes nebismierad arCeul 

polusTan erTad gadataniTi moZraobisa da am polusze gamavali garkveuli 

RerZis garSemo mobrunebis saSualebiT. 

 

 

 

 

 

 

 

 

                                 nax. 12.1  

 

      damtkiceba. vTqvaT, sxeulis erT wrfeze aramdebare nebismierma samma  

, ,A B C  wertilma sxeulis gadaadgilebis Sedegad daikava 1 1 1, ,A B C  mdebareo-

bebi (nax. 12.1). vaCvenoT, rom sxeuli pirveli mdebareobidan meoreSi SeiZleba 

gadavides gadataniT moZraobisa da mobrunebis saSualebiT. A  wertili mivi-

RoT polusad da sxeuli ise vamoZraoT, rom A  wertili daemTxves 1A  wer-

tils. maSin ABC  samkuTxedi daikavebs 1AB C   mdebareobas. cxadia, 1A B = AB , 

B C = BC , 1C A =CA . eiler-dalamberis Teoremis Tanaxmad, 1A  wertilze gamava-

li garkveuli 
1A P  RerZis garSemo sxeulis mobrunebiT, B wertili SegviZ-

lia davamTxvioT 1B  wertils, xolo C   wertili - 1C  wertils. Teorema dam-

tkicebulia. 

      miviReT: Tavisufali myari sxeulis moZraobis Sesaswavlad SegviZlia 

calke SeviswavloT misi gadataniTi moZraoba da calke brunva polusis 

garSemo. rogorc viciT, gadataniTi moZraoba xasiaTdeba misi romelime erTi 

wertilis moZraobiT an rac igivea, am wertilis sami koordinatiT, xolo 

wertilis garSemo brunva -  sami kuTxiT. amgvarad, myari sxeulis nebismieri 

moZraobis Sesaswavlad unda vicodeT eqvsi sidide, kerZod: polusis koor-

dinatebi da eileris kuTxeebi. A  polusis koordinatebi uZrav koordinatTa 

sistemis mimarT aRvniSnoT , ,A A Ax y z -Ti, xolo eileris kuTxeebisaTvis Sevi-
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narCunoT wina TavSi miRebuli aRniSvnebi. vTqvaT, cnobilia D  

                  
     

     

1 2 3

4 5 6

, , ,

, , .

A A Ax f t y f t z f t

f t f t f t  

   


  
                        (12.1.1) 

      (12.1.1)-s Tavisufali myari sxeulis moZraobis gantolebebi ewodeba.  

      sxeulTan mkvidrad davakavSiroT Axyz  koordinatTa sistema da ganvi-

xiloT sxeulis nebismieri M  wertili (nax. 12.2). M  wertili SevaerToT O  

da A  wertilebTan Mr OM  da r AM  veqtorebiT, xolo A  wertili O -sTan 

- Ar OA  veqtoriT. nax. 12.2-dan vRebulobT: 

                                
M Ar r r  .                                (12.1.2) 

moZravi RerZebis ortebi aRvniSnoT , ,i j k -Ti, maSin r  ase Caiwereba: 

                             r i x j y k z   , 

sadac , ,x y z  aris M  wertilis koordinatebi moZravi sistemis mimarT. 

      SevitanoT r -is gamosaxuleba (12.1.2)YtolobaSi, miviRebT: 

                           M Ar r i x j y k z    .                           (12.1.3) 

      M  da A  wertilebis koordinatebi uZravi 
1 1 1Ox y z  sistemis mimarT aRv-

niSnoT Sesabamisad, 
1 1 1, ,x y z  da , ,A A Ax y z -Ti. davagegmiloT (12.1.3) toloba uZrav 

RerZebze, miviRebT: 

                        

1 1 2 3

1 1 2 3

1 1 2 3

,

,

.

A

A

A

x x l x l y l z

y y m x m y m z

z z n x n y n z

   


   
    

                        (12.1.4) 

      (12.1.4) gantolebebs Tavisufali myari sxeulis nebismieri wertilis 

moZraobis gantolebebi ewodeba. am gantolebebSi , ,x y z  cnobili mudmivebia 

da Tu gvecodineba A  wertilis koordinatebi da eileris kuTxeebi (romel-

Ta saSualebiT (11.3.5) formulebiT gavigebT mimarTulebis kosinusebs) rog-

orc drois funqciebi, maSin (12.1.4) gantolebebiT drois nebismier momentSi 

SegviZlia gavigoT sxeulis nebismieri wertilis koordinatebi. 

 

 

 

  

 

 

 

 

                 nax. 12.2                           nax. 12.3 
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12.2. sxeulSi siCqareTa ganawilebis kanoni 

 

      (12.1.2) toloba gavawarmooT droiT, miviRebT: 

                            M Adr dr dr

dt dt dt
  .                                 (12.2.1) 

      am gamosaxulebaSi Mdr

dt
 aris M  wertilis siCqare; aRvniSnoT igi v  

asoTi. Adr

dt
 aris A  wertilis siCqare; aRvniSnoT igi Av -Ti. 

dr

dt
 ( r const ) war-

moadgens A  polusis garSemo sxeulis brunvisas M  wertilis siCqares, 

amitom  

                              
dr

r
dt

  ,                                  (12.2.2) 

sadac   myisi kuTxuri siCqarea. maSin (12.2.1) ase Caiwereba:  

                         Av v r   .                                 (12.2.3) 

      (12.2.3) formuliT gamoiTvleba myari sxeulis Tavisufali moZraobisas 

misi nebismieri wertilis siCqare, amitom es formula gamosaxavs nebismieri 

moZraobis dros sxeulSi siCqareTa ganawilebis kanons: yoveli wertilis 

siCqare SegviZlia warmovadginoT rogorc gadataniTi da brunviTi moZraob-

ebis siCqareebis jami. 

      SemoviRoT Semdegi aRniSvnebi: 
1 1 1
, ,x y zv v v  da , ,x y zv v v  aris M  wertilis v

siCqaris gegmilebi Sesabamisad uZrav da moZrav RerZebze; 
1 1 1
, ,Ax Ay A zv v v  da 

, ,Ax Ay Azv v v  aris A  wertilis Av
 siCqaris gegmilebi Sesabamisad uZrav da moZ-

rav RerZebze; 
1 1 1
, ,x y z    da , ,x y z    -   kuTxuri siCqaris gegmilebi Sesabami-

sad uZrav da moZrav RerZebze; 1 1 1, ,x y z da , ,x y z  - M  wertilis koordinatebi 

Sesabamisad uZravi da moZravi sistemebis mimarT; , ,A A Ax y z  - A  wertilis ko-

ordinatebi uZravi sistemis mimarT. advilad miviRebT, rom r  veqtoris geg-

milebi Sesabamisad uZrav da moZrav RerZebze udris 
1 1 1, ,A A Ax x y y z z    da 

, ,x y z . 

      davagegmiloT uZrav RerZebze (12.2.3) toloba, miviRebT: 

                     

   

   

   

1 1 1 1

1 1 1 1

1 1 1 1

1 1

1 1

1 1

,

,

.

x Ax y A z A

y Ay z A x A

z Az x A y A

v v z z y y

v v x x z z

v v y y x x

 

 

 

     


    


    

                     (12.2.4) 

      axla (12.2.3) davagegmiloT moZrav RerZebze, miviRebT: 

                      

,

,

.

x Ax y z

y Ay z x

z Az x y

v v z y

v v x z

v v y x

 

 

 

   


  


  

                                 (12.2.5) 
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      davamtkicoT, rom sxeulis kuTxuri siCqare da kuTxuri aCqareba ar 

aris damokidebuli polusis arCevaze. 

      vTqvaT, nebismierad SerCeuli A  polusisTvis kuTxuri siCqare aris A , 

xolo B  polusisTvis - B  (nax. 12.3). SemoviRoT aRniSvnebi: AM r  da 

ABM r . (12.2.3) formulis Tanaxmad  

    ,M A A A M B B Bv v v r v v v r           =>  
A A A B B Bv r v r      .        (12.2.6)     

     (12.2.3) formula gvaZlevs: B A Av v AB   . SevitanoT es mniSvneloba 

(12.2.6)-Si, miviRebT:  

           A A A A A B B A A B Bv r v AB r r AB r                .            (12.2.7)                

       nax. 12.3-dan .A Br AB r   SevitanoT es Sedegi (12.2.7)-Si, miviRebT: 

  0A B Br    . B  polusi nebismieradaa SerCeuli, amitom 0Bv  . maSin 

0A B    => A B   da aqedan A Bd d

dt dt

 
  <=> A B  . 

      rac Seexeba sxeulis gadataniT moZraobas, is damokidebulia polusis 

arCevaze (ix. $10.3). 

 

               12.3. sxeulSi aCqarebaTa ganawilebis kanoni      .    (12.2.3) 

 

      gavawarmooT (12.2.3) toloba droiT, miviRebT:  

                        Advdv d dr
r

dt dt dt dt


     .                          (12.3.1) 

      

dv

dt
 aris M  wertilis aCqareba; aRvniSnoT igi w -Ti. Adv

dt
 aris A  polu-

sis aCqareba; aRvniSnoT igi Aw -Ti. 
dr

r
dt

   (ix. wina paragrafi). 
d

dt


  kuT-

xuri aCqarebaa, amitom (12.3.1) aseTi saxiT Caiwereba: 

                      Aw w r r        .                             (12.3.2) 

      aRsaniSnavia, rom bolo tolobaSi Aw  polusis aCqareba axasiaTebs sxe-

ulis gadataniT moZraobas, xolo  r r       - brunviT moZraobas. veqtor-

Ta algebridan cnobilia, rom      a b c b a c c a b      , romlis gaTvaliswi-

neba gvaZlevs:     2r r r        . maSin (12.3.2) aseT saxes miiRebs: 

                           2

Aw w r r r        .                       (12.3.3) 

      (12.3.3) formula gamosaxavs nebismieri moZraobis dros sxeulSi aCqare-

baTa ganawilebis kanons. 

      Tu (12.3.3) veqtorul tolobas davagegmilebT koordinatTa RerZebze, 

miviRebT Tavisufali myari sxeulis nebismieri moZraobis dros misi nebismi-
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eri wertilis aCqarebis gegmilebis gamosaTvlel formulebs rogorc uZrav, 

ise moZrav sistemaSi. 

      amocana 12.1. sxeuli moZraobs sivrceSi Mx =0, 20My t , 220 4,9Mz t t  ,   

 =3 rad,  =0,5 rad,  0,2512 1 te    rad gantolebebis mixedviT. drois t =4 wm 

momentisaTvis gansazRvreT sxeulis kuTxuri siCqaris moduli.     

      amoxsna. roca mocemuli gvaqvs eileris kuTxeebi, maSin kuTxuri siCqa-

ris modulis gasagebad gvaqvs Semdegi formula (ix. (11.7.4) formula):  

                   2 2 2 2 2 cos         . 

      Cven SemTxvevaSi  =0,  =0, 0,253 te  , amitom  
2

2 0,253 te   =>  = 0,253 te . 

roca t =4 wm, maSin 0,25 43e   = 3 1e 3 2,72  1,10 rad/wm. 

      pasuxi. 1,10 rad/wm.   

     amocana 12.2. Tavisuflad moZravi sxeulis polusis moZraobis ganto-

lebebia 
0 2x t , 

0 8y t , 2

0 5z t , xolo myisi kuTxuri siCqare 2i j k    . t =1 

wm drois momentSi gansazRvreT sxeulis im wertilis siCqaris gegmili uZ-

rav Ox  RerZze, romlis radius-veqtori polusis mimarT 2 2OA i j k   .   

     amoxsna. gamoviyenoT (12.2.5) formulebidan pirveli toloba: xv = 0 xv +      

+
y zz y    . gvaqvs: 0 0xv dx dt =2, 1, 2y z  , 1, 1y z    , maSin 2xv  

 1 2 1 1     = 1 .  

     pasuxi. 1.  

      amocana 12.3. Tavisuflad moZravi sxeulis O  wertilis moZraobis gan-

tolebebia 
0 5x t , 0 5y t  , 2

0 2z t   da myisi kuTxuri siCqare 2 2i j k    .  

drois t =2 wm momentSi gansazRvreT sxeulis A  wertilis siCqaris gegmili 

uZrav Oy  RerZze, Tu radius-veqtori 4 2OA i j k   .  

      amoxsna. gamoviyenoT (12.2.5) formulebidan meore toloba: 
yv =

0 yv +       

+
z xx z    . gvaqvs: 

0 0yv dy dt = 5 , 1, 2x z   , 2, 1x z   , maSin 5v   

   1 1 2 2      =0.  

      pasuxi. 0.  

     amocana 12.4. sxeuli moZraobs Tavisuflad. drois  momentSi, roca O  

polusis aCqareba 2 5 5ow i j k   , kuTxuri siCqare  =0 da kuTxuri aCqareba 

2 5i k   , gansazRvreT sxeulis M  wertilis aCqareba, Tu OM = 2 i  5k .  

     amoxsna. gamoviyenoT (12.3.2) formula, romelic Cveni SemTxvevisTvis 

SegviZlia CasvweroT aseTi saxiT:    0Mw w r v      . gvaqvs: 0 2xw  , 
0 yw =5,  

0zw =5, 
x y z    =0, 2, 0, 5M M Mx y z   , 2, 0, 5x y     . maSin  

        0M x x y M z Mw w z y      =2+0+0=2;  

        0My y z M x Mw w x z      =    5 5 2 2 5      =5; 
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        0Mz z x M y Mw w y x      =5+0+0=5.  

      maSin  2 2 22 5 5Mw    = 54  7,35. 

      pasuxi. 7,35. 

 

 

 

 

 

 

 


